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UNIPOLAR INDUCTION AND ELECTRON THEORY. 
By Gero. B. PEGRAM. 


HE most simply constructed apparatus for showing unipolar, homo- 
polar or acyclic induction of electromotive force is a cylindrical 
permanent bar magnet spinning about its axis with a stationary loop 
of wire terminating in brushes which make contact with the rotating 
magnet at two points, one nearer the end of the magnet than the other. 
The old unipolar question is as to the seat of the electromotive force, 
whether in the moving magnet or in the stationary wire; or, as some- 
times put from the standpoint of the ‘‘cutting of lines of force” view, 
does the magnetic field rotate with the magnet and by cutting the 
stationary loop generate an electromotive force in it; or does it remain 
stationary and cut the moving magnet? In terms of the electron theory 
the question is whether electrons in the conducting material of the 
magnet, and rotating with the magnet, are acted on by a force arising 
from this rotation or whether it is the electrons in the stationary loop 
of wire that are immediately influenced by the spinning of the magnet. 
Of late certain questions involving the theory of relativity have also 
been brought into discussions. The most recent articles on the subject 
are by Barnett,! Kennard? and Howe.’ 
While a very simply constructed apparatus for showing unipolar 
induction results from using a cylindrical permanent magnet, a perma- 
nent magnet is a complex thing, and for easier analysis we may well 


1S. J. Barnett, Puys. REv., 35, 1912, p. 324 (2), 2, 1913, Pp. 323; Phys. Zeitz., 14, 1913, 
p. 251. 

?E. H. Kennard, Puys. REv. (2), 1, 1913, Pp. 355; (2), 7, 1916, p. 399. Another article 
by Dr. Kennard describing experimental results like those described in this paper, has ap- 
peared in the Phil. Mag. for February, 1917, but the theoretical treatment of Mr. Kennard 
is so different from the simple method of treatment herein attempted that I venture to 
publish this as it stands and as it was presented before the American Physical Society in 
October, 1916. G. B. P. 

*G. Howe, Electrician, LXXVI., p. 169, Nov. 5, 1915, and subsequent discussion. 
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substitute a long helical solenoid carrying a steady current. In the end 
the assimilation of a permanent magnct to a solenoid will be fairly 
obvious. Making use of such a rotating solenoid a unipolar induction 
current can be obtained by having a conducting disc fastened coaxially 
to the solenoid, and letting brushes from a stationary conducting loop 
bear on this rotating disc at different distances from the axis of rotation. 
The question then becomes in essence this: In which case will an electron 
near a rotating long solenoid, with steady current through it, experience 
a radial force, in case the electron is rotating with the solenoid as if 
rigidly connected with it, or in case the electron is stationary? 

Barnett, by studying open rather than closed circuits, that is, by 
observing the displacement of charges on conductors in the field of a 
rotating solenoid or magnet, made the first direct experimental attack 
on the question, which has been followed up by Kennard. Barnett 
used a condenser of concentric conducting cylinders with the outer 
cylinder, closed at the ends, held coaxially in a solenoid which could 
be magnetized and rotated. He found that the inside cylinder of the 
condenser did not become charged if while the magnetized solenoid was 
rotating a radial conductor made connection for a time between the 
inner and outer cylinders of the condenser. This he proved by breaking 
the connection between the inner and outer cylinders of the condenser 
while the magnetized solenoid was rotating, stopping the current through 
the solenoid, or bringing the solenoid to rest, and then testing the inner 
cylinder for charge by connecting to an electrometer. Barnett varied 
the experiment by arranging the cylindrical condenser coaxially with two 
large round electromagnets, which with their magnetizing coils were 
rotated in place of the solenoid. The result was the same as when the 
solenoid was used, the inner cylinder did not become charged when a 
radial connection was made between it and the outer cylinder. Both 
these experiments therefore showed that when the system which produces 
a magnetic field symmetrical about an axis is rotating about that axis, 
it does not establish an E.M.F. in a stationary conductor such as the 
radial connecting wire between the two cylinders used in the experiment. 
If the solenoid or magnet used in the experiment were kept stationary 
and the condenser with the radial connection between the cylinders were 
rotated, the inner cylinder would undoubtedly become charged. On 
this point no one has raised any question, but Mr. Kennard has gone so 
far with the experiment as to obtain observations showing the existence 
of the charge on the inner cylinder in this case. 

In each of the two cases just cited the relative motion between the 
solenoid and the condenser with the radial connection is just the same, 
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consequently the different results prove that the generation of an elec- 
tromotive force in a conductor is not simply a question of the relative 
motion of the conductor and the solenoid which furnishes the magnetic 
field. There is indeed no good reason for expecting the observed effect of 
the electromotive force to depend simply on the relative motion of the 
conductor and solenoid, for the observer with his electrometer and other 
apparatus is an equally important third system to be considered in 
specifying the motions, and so there is no conflict with relativity theory. 


EXPERIMENTS. 


There is still another variation of the experiment, namely, to test 
whether or not the inner cylinder becomes charged when the cylindrical 
condenser with radial connection is rigidly connected with the solenoid 
and the whole system rotated. I have recently completed an experi- 
ment begun some time ago which confirms Professor 
Barnett’s negative result with a stationary condenser 
and rotating solenoid, and confirms and gives more 
exact results on the experiment of Mr. Kennard with 
both solenoid and condenser rotating. The apparatus 
used was the following: a solenoid A 29 cm. inside 
diameter, 60 cm. long, 55 turns per cm. of length, 
mounted to rotate about a vertical axis at speeds up 
to 1000 R.P.M.; a cylindrical condenser BC of sheet 9} 
copper mounted coaxially with the solenoid, outer m 
cylinder B of condenser 25 cm. diam., 60 cm. length, 
with closed ends, except that shielded connection to 
the electrometer ran through a central hole in top end; 
inner cylinder C 10 cm. diam., 33 cm. length, supported. 
by hard rubber blocks; a copper strip DE, running 
diametrically across the inner cylinder and out nearly 
to the outer cylinder, by means of which the inner cylinder could be 
connected at will with either the outer cylinder, by pushing down the rod 
EF, or connected with the electrometer by pushing down the electrometer 
connection DG. The electrometer used was one made for this purpose 
with small quadrants and a very light silvered mica needle, sensitiveness 
.87 X 1074 volts per division. The capacity of the shielded wire leading 
to the electrometer, which was placed across the room from the rotating 
apparatus, was considerable, and so the capacity of the cylindrical con- 
denser was only .125 the capacity of the whole system when the electrom- 
eter was connected. 

1. Experiment with Cylindrical Condenser Attached to Solenoid and 


Ve electrometer. 
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Fig. 1. 
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Rotating with It.—The solenoid was kept rotating steadily at a speed 
of about 900 R.P.M. With no current in the solenoid the connection 
was made between the two rotating cylinders by pushing down the rod 
BC to touch the strip AB, and the whole was grounded through the 
central wire AD. Then in turn the current was switched on the solenoid; 
the central connection AD raised; the rod BC raised to break connection 
between the outer cylinder and the now insulated inner cylinder; the 
current switched off the solenoid; connection of the inner cylinder with 
the electrometer made by lowering the central connection AD; and the 
electrometer deflection observed. The same cycle of operations was 
then performed with the solenoid current reversed, and finally as a check 
the same cycle, but without any solenoid current. The results in a 
set of 10 measurements varied, for the double deflection, solenoid current 
direct and reversed, from 47 to 50, mean 48.6, electrometer scale divisions, 
or .00424 volt for double deflection, .o0212 volt for deflection from 
one cycle of operations. As the capacity of the inner cylinder was only 
.125 that of the whole system when connected with electrometer, the 
potential to which the inner cylinder was charged by rotating in the field 
of the solenoid was .o170 volt. That no appreciable deflection of the 
electrometer was obtained when the cycle of connections was per- 
formed with no current in the solenoid simply proved that the inner 
cylinder and electrometer connections were well shielded electrostatically. 
In all the experiments the outer cylinder was constantly earthed. 

To determine the E.M.F. that might be expected in a conductor, 
such as the strip AB, rotating at the speed used in the field of the solenoid 
with the current used, a copper brush was held against the outer cylinder 
near the level of the strip AB connecting the two cylinders and with 
the electrometer the potential difference was measured between this 
brush and the central connection AD. This was .0206 volt. Assuming 
the field in the solenoid at this level to be uniform and subtracting the 
E.M.F. induced in the part of the strip AB inside the inner cylinder, 
there is left 34 of .0206 = .o161 as the E.M.F. in the part of the strip 
between the two cylinders, as against the .o17 volt measured as the 
potential to which the inner cylinder was charged. Allowance for non- 
uniformity of field in the solenoid would bring a still better agreement 
for the two results. 

2. Experiment with Cylindrical Condenser and Connections Stationary, 
Solenoid Rotating.—Confirming Barnett’s result, on carrying out the 
cycle of connections described above with the cylindrical condenser 
stationary, the electrometer indicated no charge at all on the inner 
cylinder. 
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The answer given by experiment to the question of the seat of the 
electromotive force in unipolar induction is therefore that it is in the 
moving conductor and that without a moving conductor there is no such 
E.M.F., regardless of whether the system which produces the magnetic 
field is rotating or not. 


THEORY OF UNIPOLAR INDUCTION. 


The same answer to the question, without need of recourse to such 
open circuit experiments as described, is given by even the crudest 
electron theory of conduction. For on an electron theory the current in 
a stationary solenoid would be viewed as a steady circular transport of 
electrons around the solenoid, and the rotation of the solenoid would 
amount simply to superposing a similar steady circular transport of all 
the electrons, positive and negative, in the material of the solenoid. 
But a steady current ina fixed circuit certainly does not affect a 
neighboring stationary charge or electron. The solenoid with its current, 
whether stationary or rotating, can therefore not have any action on a 
neighboring stationary electron; but the current in the solenoid, through 
its magnetic field, does act on neighboring moving electrons, hence in a 
unipolar circuit it must necessarily be the moving electrons, 7. e., the 
electrons of the moving conductor, which are acted upon by the E.M.F., 
whether the solenoid be spinning or at rest. 

In the early days of electron theory Sir Joseph Larmor!’ stated the 
same result as an application of his theory. In the article referred to 
above Professor Howe arrived at the same conclusion by reasoning 
based wholly on the fact that the mechanical force on an element of 
length of wire carrying a current across a magnetic field does not depend 
on the motion of the magnetic field or the source of the field, but only 
on the magnitude and direction of the field at the element considered. 
It is to be remarked, however, that the accepted facts as to the mechanical 
force acting on a conductor in a magnetic field do not of themselves 
entirely justify Professor Howe’s argument. For let us imagine a horse- 
shoe magnet carried along with its poles either side of a long straight 
wire through which a current runs. Let us assume for the sake of 
simplicity that conduction in the wire is by convection of the negative 
electrons only and that the magnet is moving with the same speed as these 
electrons. We might claim on the one hand that the transverse force on 
the wire in the field does come from the negative electrons moving (with 
respect to the observer) across the magnetic field as it exists at the instant, 
without regard to the motion of the magnet that produces the field. Or 


1 Larmor, Royal Society Transactions, 1895A, p. 727. 
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on the other hand, conceiving the relative motion of the electrons in the 
conductor with respect to the magnet to be the cause of the force on the 
conductor, we might very well claim that when the magnet is stationary 
the force on the conductor comes from the force on the negative current 
electrons arising from their motion with respect to the magnet, and 
that when the magnet moves along as fast as the negative electrons 
there is no longer any force on the negative electrons of the current, but 
that there is and should be just the same force on the conductor, arising 
from a force acting on the positive electrons of the conductor, which now 
have relative to the magnet the same velocity as the negative electrons 
in the first case, except in the opposite direction. The real trouble with 
adopting the second line of argument, which would be compatible with 
the localization of the electromotive force in the stationary part of a 
unipolar induction circuit, is that we should be adopting a too naive 
relativity principle, which misleads by not taking account of the fact 
that we are supposing the force on the wire to be that manifest to the 
observer, who is not at rest with respect to either the magnet or the 
negative electrons in the current. Such a relativity theory would for 
example teach that the force between two electrons moving abreast 
with identical velocities in parallel lines is, to a stationary observer, 
just the same as if both electrons were stationary. This conclusion is 
at variance with the Lorentz-Einstein relativity theory and with every 
theory of the electrodynamics of moving charges. According to accepted 
relativity theory two electrons stationary with respect to the observer 
have only the electrostatic repulsion, but if they are moving with respect 
to the observer the force between them appears to the observer to be 
something different from the electrostatic force. Nothing in the experi- 
ments on unipolar induction is at all at variance with the Lorentz- 
Einstein relativity theory. 

The Lorentz electron theory may be readily applied to a more com- 
plete analysis of the unipolar problem and connected questions, and may 
make clearer certain points. 

The two fundamental phenomena of electromagnetic induction may 
be given the following expression in terms of the electron theory :— 

(a) A force may be exerted on a stationary electron by suitable 
motions or variations of magnets or currents in the vicinity; that is, 
electronically interpreted, by suitable motions of electrons in the vicinity. 

(6) A force acts in general on an electron moving in a magnetic field, 
which force is perpendicular both to the instantaneous magnetic field 
intensity and to the velocity of the electron. 

It is the essence of the Lorentz theory that the phenomena (a), (0) 
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and (c, electrostatic phenomena) are assumed to be independent of 
and superposable upon one another. Therefore the total force on any 
electron is the vector sum of three parts: (a) the force arising from the 
velocities and accelerations of neighboring electrons, which force is 
independent of the motion of the electron under consideration, + (6) the 
force arising from the motion of the electron under consideration in a 
magnetic field, + (c) the force arising from the electrostatic action of 
neighboring electrons. 

By well-known mathematical development from the Maxwell field 
equations in the Lorentz form, the quantitative expression for the 
effect (a) of moving charges on a given electron of charge e comes out 
e/c(— (dA/dt)), A being the vector potential at the momentary position 
of e; for the effect (b) of the motion of e with velocity v in a magnetic 
field H it is e/clv X H]; for the electrostatic effect — e grad ¢, ¢ being 
the electrostatic potential. Hence 

force on electron = — “ .s [v <X H] — e grad ¢. 
e¢a@ eé 

Applying this to finding the force on an electron in the vicinity of a 
spinning solenoid, we may at once conclude that the first term, which is 
a force not dependent on the velocity of the electron under consideration, 
vanishes, for, as reasoned above, the transport of electrons in a rotating 
solenoid merely adds to the transport of electrons in the current when 
the solenoid is stationary a similar circular transport, by the rotation, 
of equal numbers of positive and negative electrons, and so the whole 
effect is just that of the current in the stationary solenoid, which is nil 
on a stationary electron. The second term obviously vanishes for 
stationary electrons, and we may also suppose the third term, referring 
to the static field, to vanish. Hence, there is no force on a stationary 
electron, therefore no E.M.F. in stationary conductors in the vicinity 
of a steadily spinning solenoid carrying a constant current. On the 
other hand, since the second term does not vanish when the electron is 
moving, there is an E.M.F. on electrons in moving conductors, which 
is easily seen to be quantitatively just what would be computed on the 
“rate of cutting magnetic lines’’ scheme, supposing the lines of the 
magnetic field to remain stationary with the conductors rotating. 

Although the conclusion that no electromotive force is set up in sta- 
tionary parts of the circuit in the unipolar induction experiment follows 
so immediately from electron theory, many well-trained physicists and 
engineers at first are inclined to disagree with the conclusion. They 
are accustomed to the experience that in general the motion of the 



























598 GEO. B. PEGRAM. Szconp 


source of a magnetic field sets up an electromotive force in neighboring 
conductors, and they have not examined the rate of variation of the vector 
potential, which is the only function adequate to express the electro- 
motive force at a point in a stationary conductor. It is not sufficient to 
know the magnetic field intensity at the point and its variation in time 
and space. The analysis must be carried back to an expression of the 
effect at the given point of each neighboring moving element of charge 
or electron, that is the vector potential 


I deu 
A = — vector > —, 
1c r 


the vector summation being for all the moving charge (summation for 
all moving electrons), r the distance from the point for which the vector 
potential is calculated to the position where the element of charge was at 
time r/c earlier, and u the velocity of the element of charge at that time. 

Since the vector potential at a point is a function of the positions and 
velocities of all the neighboring electrons, the reason why there is no 
rate of change of the vector potential in the neighborhood of the rotating 
solenoid or magnet used in a unipolar induction machine is that, statis- 
tically considered, the configuration of positions and velocities of the 
electrons of the solenoid or magnet remains constant. As electrons of 
the solenoid or magnet move out one side of a stationary element of 
volume as many more move with the same velocity into the same element 
of volume. 

An example may be cited of a case in which the magnetic field intensity 
and its time and space variations are known at a point, yet from these 
nothing can be said as to the electromotive force in a conductor (or the 
force on an electron) at that point. Imagine two long solenoids one 
inside the other with axes parallel and currents through them so their 
magnetic fields just neutralize each other inside the inner one. Now 
suppose a conductor inside the inner solenoid and suppose this solenoid 
is moved a little transversely. Where the conductor is the magnetic 
field intensity is constantly zero, and its time variation and its space 
variation are therefore also zero, hence these give us no indication of 
any probability of a force on the electrons of the conductor as the inner 
solenoid is being displaced transversely. Consideration of the rate of 
variation of vector potential in this case determines at once that it is 
not zero as the solenoid is moved transversely and that the E.M.F. in 
the conductor is just the same as though the outer solenoid, which 
neutralizes the magnetic field, were not present. Of course we may 
adhere to the “‘cutting of line of force’? computation of the electromotive 
force if we say that we must treat the fields of the two solenoids as entirely 
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separate and distinct in their effects and say that when the solenoid is 
moved transversely all its lines of force move with it, even though the 
experimental facts of unipolar induction preclude our saying that the 
lines move with the solenoid when it rotates. If, however, we once 
begin this analysis of a magnetic field at a point into discrete constituents, 
we should logically continue it down to the magnetic fields of the indi-’ 
vidual electrons, which amounts to just the same thing as the vector 
potential analysis. 

A still more familiar case in which we have an induced E.M.F. in a 
region where the magnetic field is constantly zero is that of a point near 
a transformer, say with a toroidal core and closely wound primary 
through which an alternating current flows. The moving electrons in 
the primary coil and the core give a varying vector potential at points 
in the surrounding space, although there is never any magnetic field 
there. The usual explanation on the “cutting lines of force’’ basis is 
to say the lines of force spring out and in, but if they do so, and yet 
have at no moment a density different from zero at points outside the 
core and winding, where there is no magnetic field, they must be springing 
in and out with infinite velocity; which makes an unsatisfactory repre- 
sentation. 

One more case of unipolar induction may be referred to. Suppose an 
insulated copper wire runs through a hole along the axis of a cylindrical 
bar magnet and out through a radial hole to a collector ring near the 
middle of the magnet. If the magnet be set in rotation and a stationary 
loop of wire have its ends brought in contact with the axial end of the 
copper wire and the collector ring respectively a current will flow around 
the circuit. Neglecting for the sake of the argument the small magnetic 
field in the axial and radial parts of the hole in which the copper wire 
lies, we may say that in this arrangement there is no conductor moving 
across a magnetic field, so the induction of E.M.F. is not to be explained 
as in the unipolar induction cases already discussed. But here the vector 
potential is varying at the position momentarily occupied by an electron 
in the radial copper wire, in a manner quite analogous to the variation 
at a point near a solenoid in transverse motion, and so again the seat 
of the E.M.F. is in the moving wire, although it is now to be referred 
to the first term in the Lorentz expression for force on an electron, instead 
of to the second. Of course the vector potential at all points in the 
stationary part of this circuit is in general varying on account of the 
asymmetry of configuration of electrons and velocities resulting from the 
radial hole in the magnet, but this variation integrates out for a whole 
turn of the magnet. The shift in this example from the second term of 
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the Lorentz expression for force to the first term as the cause of the uni- 
polar or acyclic electromotive force is suggestive of the close relation 
between the two terms, of, in fact, the relative nature of the two. An 
observer stationed on a transversely moving solenoid observing an 
E.M.F. in a “stationary”? but to him apparently moving conductor, 
would attribute the electromotive force to motion of the conductor in 
a magnetic field, the second term in the Lorentz expression, while a 
stationary observer seeing the solenoid move would refer the separation 
of the charges in the stationary conductor to the variation of the vector 
potential with the motion of the solenoid; which is to say what is now 
generally accepted, that the quantities involved in all electromagnetic 
induction are the positions and motions of the electrons relative to the 
observer. 

Summary.—Experiments confirm the results of Barnett and of Kennard 
showing that in unipolar induction the ‘‘seat of the electromotive force”’ 
is in a moving conductor and is entirely independent of the rotation of 
the magnetic field. 

The facts of unipolar induction are in accord with the theory of 
relativity. The theory of unipolar induction emphasizes the importance 
of electron theory and the vector potential function in the discussion of 
such questions. 
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THE SPECIFIC RESISTANCE AND THERMO-ELECTRIC 
POWER OF METALLIC CALCIUM. 


By C. L. SWISHER. 


HE electrical properties of metallic calcium have received little 

attention. In 1857 Matthiessen! determined the conductivity. 

He records two determinations at room temperature. Again in 1905 the 

specific resistance was determined by Moissan and Chavanne? at room 

temperature only. The thermo-electric power has not previously been 
studied. 

The calcium used in the present work was obtained from Kahlbaum. 
Chemical analysis showed a purity of 99.57 per cent. 

One of the chief difficulties in working with metallic calcium is due to 
its great chemical activity. A fresh surface of calcium exposed to 
ordinary air soon becomes covered with a whitish coating which has a 
very high electrical resistance. The depth of this coating increases with 
the time of exposure. The presence of moisture in the air or a higher 
temperature greatly increases the activity. 

A large number of liquids were tried with the hope of finding one in 
which the metal could be stored until ready for use. The reaction in 
paraffin oil was small, but appreciable. The best results were obtained 
by using benzol which had been in contact with calcium carbide for some 
time before the metallic calcium was introduced. This liquid was not 
entirely free from action with the calcium, but the activity was small. 

The chemical reactions were especially troublesome in making measure- 
ments. In measuring resistance, for example, a coating of oxide would 
change the effective diameter of the wire and also render the contacts 
unreliable. For these reasons an atmosphere of ordinary air could not 
be used. Hydrogen and nitrogen atmospheres were tried in turn with 
the result that each formed a troublesome compound with calcium at 
temperatures above 300 degrees Centigrade. Resort to work ina vacuum 
seemed to be the only practical solution of the difficulty. The method 
of securing and maintaining the vacuum and also suitable contacts is 
shown below. 


1 Phil. Mag. (4), Vol. 13, P, 81, 1857. 
2 Comptes Rendus, Vol. 140, P, 124, 1905. 
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The metal as it was received was in more or less cylindrical masses 
three to four cm. in diameter and six to eight cm. in length. A good bit 
of trouble was experienced in getting the material into the form of a 
wire suitable for measurements of resistance. The method finally em- 
ployed was to saw the large cylinders lengthwise into pencils three to 
four millimeters square and round them off with a knife or a file. They 
were then drawn, under oil, until the length was approximately doubled. 
Drawing beyond this amount did not prove successful, as the wire became 
brittle. The wires as used were about .25 cm. in diameter and about 
15 cm. in length. The resistance of such a wire of calcium is of the 
order of .oo1 ohm. Measurements could be made to three significant 
figures. 

METHOD OF MEASUREMENTS. 

The difficulty of securing low resistance leads and reliable contacts 
which could be used inside a furnace led to the abandonment of the use 
of the Kelvin double bridge. The potentiometer method was sub- 
stituted. (See diagram, Fig. 1.) In this method the resistance of leads 
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Fig. 1. 

















and contacts need not be negligible, and are not necessarily constant. 
A resistance in the leads only makes the apparatus less sensitive, and 
for the small changes of resistance which occurred this was not serious. 


APPARATUS. 


The potentiometer used was a Leeds and Northrup instrument, as was 
also the galvanometer. The ammeter was a millivoltmeter and shunt 
carefully calibrated against a Weston laboratory standard. 

The furnace was made from a I} in. gas pipe. This was permanently 
connected at one end to a motor-driven vacuum pump which was kept 
running during measurements. The pipe was wrapped with asbestos 
paper and wound uniformly with nichrome ribbon for a length of about 
two feet. This was in turn covered thoroughly with asbestos. This 
arrangement gave a very uniform temperature over the length of the 
specimen. The connections to the specimen were made by means of 
four 3/16 inch iron rods arranged as indicated in the diagram (Fig. 2). 
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The iron rods had holes near the ends to allow the specimen to extend 
through, and were filed down so as to make sharp contacts The speci- 
men was held in place by sharpened screws in the ends of the rods. 
These rods were insulated from each other and from the furnace by means 
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Fig. 2. 

of porcelain tubes surrounding them. At the open end of the furnace 
the leads passed through a rubber stopper which fit airtight into the end 
of the furnace and had the advantage of being readily removable 

This arrangement did not remove all the air from the specimen, but 
the pressure was well below one mm. of mercury and for the time (about 
two hours) of a run very little oxidation took place. Repeated checks 
showed that, for the potentiometer method, the slight oxidation which 
occurred was insignificant. 

The above arrangement made it possible to measure the resistance at 
temperatures ranging from room temperature up to about 600 degrees 


Centigrade. 
DATA AND RESULTs. 


The following tables give the values obtained for the first heat on each 
of three specimens. The curve, Fig. 3, shows the three sets of data 
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Fig. 3. 


Specific resistance of calcium, and temperature. Ordinates = p X 10%. Abscisse = degrees C. 
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plotted as a single curve. In the tables: 

R = resistance of specimen in ohms. 

6 = temperature in degrees Centigrade. 
L = length of specimen. 

D = diameter of specimen. 


p = specific resistance of calcium. 


a = temperature coefficient of resistance. 























Specimen O. 
oR 103. | 6. 7 | p X 108 RX 103, id | 6. 
— -| | ————_—— —___—_— —— ——_———_} — 
115 | 2° | 46 2.59 384° 
130 | 83° | 5.2 2.82 480° 
1.61 } 164° | 6.44 3.02 524° 
1.92 } 204° | 7.68 3.20 568° 
2.11 | 296° | 8.44 3.44 608° 
L =10.4cm., D = .23 cm., a@ = .00365. 
Specimen P. 
828 | 22° | 4.76 1.79 374° 
986 | 102° | 5.66 1.82 390° 
1.21 | 170° 6.97 1.94 451° 
1.40 |} 245° | 8.07 2.24 | 518° 
1.54 } 292° | 8.85 2.40 600° 
1.73 | 358° | 9.95 | 
L =10.0cm., D = .270cm., @ = .00377. 
Specimen OQ. 
04 =| 0am || a8 | tat} ge 
634 | 41° 5.02 | 1.14 310° 
.649 48° 5.14 | 1.21 343° 
.672 60° 5.33 | 1.245 358° 
.702 86° 5.56 1.335 397° 
742 104° 5.88 | 1.42 452° 
.764 111° 6.05 | 1.52 500° 
821 138° | 6.50 | 1.645 563° 
925 178° 7.33 | 1.75 600° 
1.000 211° 7.93 1.768 605° 
1.052 | 262° 8.36 


L=7.5cm., D = .275 cm., @ = .00364. 
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10.30 
10.45 
11.12 
12.30 
13.80 


8.73 
9.04 
9.58 
9.87 
10.59 
11.23 
12.05 
13.05 
13.88 
14.00 


The following table gives points at 50-degree intervals taken from 


the curve: 
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.~ i. p X 108. a p X 108, 
0° | 4.27 | 350° 9.74 
50° 5.08 | 400° | 10.50 
100° | 5.86 450° | 11.27 
150° 6.63 | 500° | 12.05 
200° | 7.41 | 550° 12.82 
250° 8.20 | 600° | 13.60 
300° | 8,96 | ; | — 
SUMMARY. 


Matthiessen’s results give an average specific resistance of 7.7 X 107° 
ohms per c.c. at a temperature of 16.8° Centigrade. Similarly Moissan 
and Chavanne give an average value of 10.5 X 10~® ohms per c.c. at 20° 
Centigrade. Each of these determinations was made using a bridge 
method which I found to be unreliable for continued work with calcium, 
because of the variable contacts. Values taken from my curve show a 
specific resistance of about 4.6 X 10~* ohms per c.c. at 20° Centrigade. 
The specific resistance increases linearly, within experimental error, up to 
about 13.6 X 10 ohms per c.c. at 600 degrees Centigrade. The tempera- 
ture coefficient is thus constant throughout this range, and has a mean 
value of .00364. In this, calcium is seen to agree very well with other 
pure metals. 

THERMO-ELECTRIC POWER. 

In measuring the thermo-electric power the potentiometer was used, 
and much the same method of protecting the specimen was employed as 
in resistance measurements. In this case the container was closed at 
each end with a rubber stopper and was connected to the pump at the 
middle. 

The thermo-electric power of calcium was measured against annealed 
platinum and then plotted against lead, as usual. The platinum used 
was carefully checked against a piece of pure test lead. 

The contact between platinum and calcium was secured by silvering 
the platinum to a piece of stiff iron wire which extended out through 
the rubber stopper at the end of the container. This method of securing 
contact served two purposes: First, as the container was exhausted the 
rubber stoppers were pressed in by the air and firm pressure between the 
platinum and the calcium was thus insured. Second, the iron wires 
could be twisted or turned around so as to cut fresh surfaces of contact 
for each reading if desired. 

A platinum-rhodium wire was fused to each platinum wire at the point 
of contact with the calcium. These Pt, Pt-Rho junctions were carefully 
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calibrated against the department standard and used to determine the 
temperatures of the two Pt-Ca junctions. (See diagram, Fig. 4.) 





Ca. ( ~ 
vo", 





4 RZ 





























Soreritiomerer 


Fig. 4. 


The specimens for thermo-electric measurements were not drawn, 
but simply cut out from the original masses. They were about 7 cm. 
long and about 1.2 cm. in diameter. A small hole was bored in each 
end of the calcium to receive the iron wires carrying the Pt, Pt-Rho 
junctions. The calcium was heated by placing it inside a furnace which 
consisted of a heavy porcelain tube wrapped with asbestos and nichrome 
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ribbon. (See diagram, Fig. 5.) The tube and calcium together were 
then placed inside the container mentioned above. 


DATA AND RESULTS. 
The following tables show the results of two to three heats on each of 
three specimens. 
E = thermo-electromotive force between Pt and Ca. 


6, = temperature of hot end. 
6, = temperature of cold end. 
6 = mean temperature of specimen. 


P = thermo-electric power of Ca against lead. 


Specimen A. First Heat. 














EX 108, 62 — 1. 0. | Pum. | EX10, | 62 — 0.  - | PX 18, 
| 
270 24 125° 9.8 625 | 46 225° 11.10 
360 30.5 158° 9.1 910 | 60.5 299° 11.70 
610 46 219° 10.85 _ ais 
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Second Heat. 







































































135 11.5 120° | 10.40 627 41.5 | 294° 12.3 
143 13.5 130° | (9.2 612 40.0 | 293.5° | 12.1 
144.5 12.0 131° | 10.6 783 47.0 | 337.5° | 13.0 
313 24.5 194° | 10.7 774 46.5 | 337° 13.0 
310 24.0 196° | 10.8 990 57.1 | 389° 13.0 
512 35.5 257° 11.7 986 57.0 389.5° | 13.0 
500 34.5 257° 11.7  * 
Specimen B. First Heat. 

428 10.5 124° 10.8 429 30.0 245° 11.6 
139 12.5 131.2° 9.7 426 30.0 247° 11.5 
279 | 23.0 162.5° 10.1 609 40.0 302° 11.9 
280 | 23.0 193.5° 10.1 605 40.0 | 304° 11.8 

Second Heat. 
110 10.5 69° 9.7 678 44.5 250° 12.6 
110 11 69.5° 9.2 843 51.8 300° 13.0 
294 26.5 128° 9.7 835 51.5 300° 12.9 
294 25.1 129° 10.3 1,120 64 363.5° | 13.5 
415 33 170° | 10.7 1,120 64 363.5° | 13.5 
410 33 170° =| «10.6 1,312 73.5 405° 13.4 
465 35.5 192° 11.0 1,291 73.1 406° 13.3 
462 35 192.5° 11.2 1,282 72.5 406° 13.3 
679 445 | 240° | 125 | | 
joa C. First Heat. 
97 10.3 92.7° | 8.4 464 | 35.2 | 221.4° | 10.6 
99 10.0 93° | 88 456 34.8 | 221.4° | 10.7 
244 20.5 147° 10.3 661 | 445 | 287° | 11.7 
245, 20 _ 148° = 106 | 650 | 443 | 286° | 11.5 
Second Heat. 
109 10.5 54° | 98 527 41 158.5° || 104 
113 10.8 57.4° | 9.8 527 43.5 166.5° 9.9 
118 | 11.5 61° 9.5 515 42.5 167° 10.3 
217, | = 19.3 86° 10.2 920 64.7 227° | «11.9 
iw | BS | oe |. he oe a 
Third Heat. 
161 | 17. 93° | 85 598 42.2 194° | = 12.0 
167 | 16.5 93.7° - . 847 51.5 242° =| «13.7 
158 | 16.5 94.7° 836 51.4 242.7° | 13.6 
161 | 15.9 94.7° | nr 1,403 74.6 338° 15.4 
393 | 30.8 45 | 11.1 1,650 | 86 304° | «(14.9 
394 | 32.8 146.6° | 10.4 1,652 86.5 396° | 14.7 
606 43.4 | 192 _ ‘& 11.9 — | 

















The following table gives the values of P at 50-degree intervals taken 
from the curve. 
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Fig. 6. 


Thermo-electric power of calcium against lead, and temperature. Ordinates = P X 108, 
Abscisse = degrees C. 


The curve, Fig. 6, is plotted by using all the points from the three 
specimens and then drawing a single line fitting all the points as nearly 
as possible. 

SUMMARY. 

The thermo-electric power of calcium was found to be positive with 
respect to lead throughout the range investigated. The values range 
from 8.9 microvolts per degree at 50° Centigrade to 14.0 microvolts per 
degree at 400° Centigrade. The individual points vary considerably 
from the straight line drawn, but each separate run follows the same 
general direction, and I believe the line shown is justifiable at least as a 
preliminary result. The Thomson coefficient is seen to be positive for 
calcium. 


CORNELL UNIVERSITY, 
ITHACA, N. Y., 
June, 1917. 
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TOTAL IONIZATION BY SLOW ELECTRONS. 


By J. B. JOHNSON. 


1. Before the nature of cathode rays was known, Lenard discovered 
that these rays would pass through a thin aluminum window to the 
outside of the discharge tube and that they made the air through which 
they penetrated conductive:! Later experiments showed that the con- 
ductivity was due not only to the stoppage of electric charges by the 
air molecules, but to the production of new charges from the molecules 
themselves,” 7. e., to ionization of the air. The first quantitative experi- 
ments on this ionization were done by Durack,’ who measured the 
number of ions produced per centimeter per electron in air at a given 
pressure, just after the rays had emerged through the aluminum window. 
His results showed that the ionization is proportional to the pressure of 
the air, as had been found to hold in the discharge tube itself*; and that 
at a pressure of I mm. of mercury an electron made on the average .43 
pair of ions per cm., when the velocity of the electrons was of the order 
4 X 10° cm. per sec. Using 6 rays from radium, whose velocity he 
estimated at 2.3 to 2.8 X I0'° cm. per sec., he found the specific ioniza- 
tion a to be much smaller, being but .17 for these faster rays. 

These experiments were repeated under improved conditions by 
Glasson® and by W. Wilson,® the former using cathode rays and the 
latter the 8 rays from radium B and radium C. By means of magnetic 
deflection nearly homogeneous bundles of rays of known velocity were 
obtained. Glasson used a range of velocities from 4.08 to 6.12 X 10° 
cm. per sec., and Wilson used velocities from 1.24 to 2.90 X 10'° cm. 
per sec. For the value of a Glasson obtained 1.5 when the velocity of 
the rays was 4.8 X 10° cm. per sec. Both observers found that a is nearly 
proportional to the inverse square of the velocity of the electrons, or 


k 
oe 
v2 
1P. Lenard, Ann. d. Phys., 51, p. 225, 1894. 
2 P. Lenard, Ann. d. Phys., 8, p. 149, 1902; ibid., 12, p. 449, 1903. 
3 J. E. Durack, Phil. Mag., 4, p. 29, 1902; ibid., 5, p. 50, 1903. 
4J.S. Townsend, Phil. Mag., 1, p. 198, 1901; ibid., 3, p. 557, 1902; ibid., 5, p. 389, 1903. 
J. S. Townsend and P. J. Kirby, Phil. Mag., 1, p. 630, 1901. 
5 J. L. Glasson, Phil. Mag., 22, p. 647, I9II. 
6 W. Wilson, Proc. Roy. Soc., 85, p. 240, 19II. 
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within the ranges used. From the above values of a and v the constant 
k is 3.45 X 10° cm. for air at I mm. pressure. The loss of velocity 
of cathode rays in passing through a solid was measured by Whiddington.! 
Rays with velocities ranging from 5.31 to 8.58 X 10° cm. per sec. were 
passed through an aluminum window and the loss of velocity measured 
by magnetic deflection. If vo is the velocity of the incident rays and 
x the thickness of the aluminum, the velocity of the emergent beam, 2, 
was found to be given by the expression 


vot — vt = cx. 


The value of c was 7.32 X 10° cm/sec‘ for aluminum. This relation is 
in accord with the theory given by J. J. Thomson.’ 

That electrons lose velocity in going through matter has also been 
shown by W. Wilson,’ and the amount of this loss was calculated by 
Seeliger* from measurements by Bestelmeyer.® 

2. If we assume, in accordance with the theory of Thomson, that the 
constant c is proportional to the density of the absorbing substance, the 
results of Whiddington and of Glasson can be combined to give the total 
number of pairs of ions produced per electron. Substitution of the value 
of v from Glasson’s equation in that of Whiddington gives 


Rk 
vt — > =c'x 
at 
or 
k 
. Vit — cx 


The total ionization is then 


n= { ads 


A reo dx 
0 Vv — c'x 
(vopt—v,4)/c’ 
2k - 
Ss [ ves! = x], 
Cc 


2k 
= “a (ue? _ v1). 


The constant 7 is the velocity at which the electron ceases to produce 
ions by collision. Kossel has shown that k depends only on the density 


1R. Whiddington, Proc. Camb. Phil. Soc., 16, p. 321, I9I1I. 

2J. J. Thomson, Conduction of Electricity Through Gases, 2d ed., p. 378. 
3 W. Wilson, Proc. Roy. Soc., 84, p. 141, 1910. 

4R. Seeliger, Verh. d. D. Phys. Ges., 13, p. 1094, I9II. 

5 A. Bestelmeyer, Ann. d. Phys., 35, p. 909, IQII. 
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of the gas.1. The above results indicate that the total ionization is inde- 
pendent of the nature of the gas and proportional to the initial kinetic 
energy of the electrons. The equations used, though resting on theoret- 
ical considerations, were verified over only a limited range of velocities 
and were found to hold only approximately even over this range. The 
formula, therefore, cannot be expected to give more than the correct 
order of magnitude of the number of ions produced by electrons having 
velocities much outside of the range given above. Nevertheless, the 
following values were calculated as an example, using for c’ the value 
5.4 X 10% for air at I mm. pressure.2, The value of v is taken as 
.20 X 10° cm. per sec., corresponding to about 10 volts. 


Vv. | n. 


NN asi neknnierdeen 2.5 x 100 | 8,000 


OL eee eer ee 4.8 X 10° 293 
De WS 55 ons coisas 1.88  X 10° | 45 
4.1 


, ee ee .595 X 10° 


The value for 8 rays agrees in order of magnitude with the results of 
Eve and of Geiger and Kovarik, given below; while the number of ions 
at 100 volts is about twice as great as the result obtained in the present 
experiment. 

3. Measurements on the total ionization of 8 rays have been made 
by Eve,* and by Geiger and Kovarik.t Eve measured the ionization 
at different distances from a source consisting of radium or radium B 
and radium C, and from the absorption coefficient found that the total 
ionization was I.2 X 10‘ pairs of ions per electron. Geiger and Kovarik 
found the ionization over the first ten centimeters of path of the 6 rays 
from various radioactive sources. After correcting for reflection and 
determining the absorption,’ the total number of ions produced by each 
6 particle was calculated. The results range from 3.3 X 10° to 17.3 X 10° 
pairs of ions per 6 particle, the same order of magnitude as Eve’s result. 
In both of these experiments the coefficient of absorption was taken to 
be constant for the whole path of the electrons, and refers to the loss 
in numbers of electrons, not to the loss of velocity. 

4. In measuring the ionization per unit path of electrons, Kossel also 
found, indirectly, the total ionization produced by an electron in air.® 


1W. Kossel, Ann. d. Phys., 37, p. 393, 1912. 

2 Obtained from c by the density law. 

3A. S. Eve, Phil. Mag., 22, p. 551, I9II. 

4H. Geiger and A. F. Kovarik, Phil. Mag., 22, p. 604, 191I. 
5 A. F. Kovarik, Phil. Mag., 20, p. 849, Ig10. 

®W. Kossel, 1. c. 
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His method is based on the following considerations. Let mo electrons 
start in a given direction in air at I mm. pressure, and let-apo be the 
fraction of the electrons that are stopped by collisions in one centimeter 
of path. The number of the original electrons at any place x is then 
given by 
nN, = noe” 

Let a be the number of collisions per centimeter which result in the 
production of a pair of ions, and let m2 be the total number of pairs of 
ions made by the mp electrons. 


Then 
dns = n,adx 
= noae""dx; 
and 
ios) 
Ne = noo J e~ "dx 
0 
it i 
ao 


The average number of pairs of ions per electron is then 


No a 
in a=, 
No ao 
From the latter of these ratios m was calculated. The assumption has 
been made here that the electrons lose no velocity until they are stopped, 
since both dp and a vary with the velocity. 

The value of a was determined by Kossel for electrons having velocities 
corresponding to a range of 200 to 1,000 volts. Electrons were projected 
between two parallel condenser plates. A small field was applied be- 
tween the plates, giving the electrons a parabolic path and causing them 
to be absorbed on one of the plates. The length of path was calculated 
from the velocity and the transverse field. One of the plates was 
connected to an electrometer, and on this plate could be collected either 
the original electrons and the negative ions produced, or the positive 
ions. From this data was calculated the number of pairs of ions per 
electron per centimeter of path. The values were reduced to the standard 
pressure of I mm. of mercury, since the ionization was found to be 
directly proportional to the az, The pressures actually used were 
of the order .05 mm. of mercury.! 

The absorption coefficient @) which was used by Kossel was determined 
by Lenard over a large range of velocities.» He measured the decrease 


1 For a resume of the work on specific ionization see S. Bloch, I. c., p. 580; also Frantz 
Mayer, I. c. 
2 P. Lenard, Ann. d. Phys., 12, p. 449, p. 714, 1905. 
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in the number of electrons in a beam traversing a space containing a 
gas at a low pressure. Careful corrections were made for secondary 
radiation, diffusion of ions, reflection from the walls, scattering, and 
other disturbing factors. 

The variation of specific ionization with velocity was also measured 
by Mayer for velocities up to 500 volts.'_ His values are not reducible 
to absolute measure except by comparison with those of Kossel. Taking 
Mayer’s value of a for air at the velocity given by 500 volts to be the 
same as that given by Kossel, the total ionization can be calculated. 
The results so obtained, together with those of Kossel, are given in Fig. 1. 
The two curves do not agree very well. 

The value of @ for 100-volt electrons in different gases at the same 


Velocity in 
Fig. 1. 
Air. 


pressure was found by Kossel to be proportional to the density of the 
gas, or to its molecular weight. The only exception was hydrogen, 
which gave a value four times greater than the density law would indicate. 
Lenard found that for fast cathode rays the absorption is proportional 
to the density of the medium, except for hydrogen which had twice the 
absorption of other matter of the same density.2, McLennan,’ using 
cathode rays, and Strutt,* using 8 rays, both found that the ionization 
in a given distance is proportional to the density of the gas and not 
dependent on its chemical constitution. McLennan found hydrogen 
normal, but Strutt obtained values twice as great as the density law 
implies. Other experimenters’ have obtained about the same values of 
the absorption coefficient as Lenard. The density law holds except 


1F. Mayer, I. c. 

2 P. Lenard, Ann. d. Phys., 56, p. 255, 1895. 

3 J. C. McLennan, Phil. Trans. (A), 195, p. 49, 1901. 

4R. J. Strutt, Phil. Trans. (A), 196, p. 507, 1901; Proc. Roy. Soc., 68, p. 126, 1901. 

5 A. Becker, Ann. d. Phys., 17, p. 381, 1905. J. Robinson, Ann. d. Phys., 31, p. 769, 1910. 
. Bloch, Ann. d. Phys., 38, p. 559, 1912. F. Mayer, Ann. d. Phys., 45, p. I, 1914. 
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for electrons of very low speeds (below 100 volts). Hydrogen is ab- 
normal, the more so the lower the velocity of the electrons. Since, 
then, in the expression a/a) both quantities are proportional to the 
density of the gas and depend on the density only, it follows that the 
total ionization should be independent of the nature of the gas, and 
depend only on the initial velocity of the electrons. Hydrogen is the 
only exception found and, using Kossel’s value of a, should give rise to 
twice as many ions as are obtained in other gases. 

Another experiment showing that the total ionization produced by 
an electron is independent of the nature of the absorbing gas was made 
by Kleeman.! Kleeman found that for the heterogeneous electrons 
emitted by gold when acted on by X-rays, the ratio of the total ionization 
produced by the electrons to that of a rays is the same for all gases. 
It had been found by Bragg and Kleeman,? and verified by Taylor,’ that 
the total number of,ions produced by an a particle is nearly independent 
of the kind of gas. This would then apply also to heterogeneous cathode 
rays. It was also found by Kleeman that the 6 rays from actinium and 
the 6 rays from uranium gave the same ratio of the ionization produced 
in a given distance in a gas to the ionization produced under the same 
conditions in air. The actinium 6 rays differ considerably in velocity 
from those of uranium, and it follows that within this range the ratio 
of the ionization in the gas to the ionization in air is independent of 
the velocity. This indicates that homogeneous rays, too, make the 
same total number of ions in all gases. The velocities of the electrons 
used in these experiments differ widely and the result can not be con- 
sidered as conclusive, although furnishing strong evidence that the total 
ionization is independent of the nature of the gas. 

6. The problem may also be looked upon from the point of view of 
the energy necessary to produce ions by collisions. The minimum 
ionization potentials have been determined for the simple gases with 
some accuracy.’ This sets an upper limit to the number of ions that 
can be produced by an electron, if we assume that it takes the same 
amount of energy to produce each pair of ions, independent of the 
velocity of the electron. There is nothing known to justify this assump- 
tion, however; it may, indeed, be that one collision may produce several 


1R. D. Kleeman, Proc. Roy. Soc., 84, p. 16, 1910. 

2 W. H. Bragg and R. D. Kleeman, Phil. Mag., 10, p. 318, 1905. 

8 T.S. Taylor, Phil. Mag., 18, p. 604, 1909; Am. Jour. Sci., 28, p. 357, 1909. 

4R. D. Kleeman, Proc. Roy. Soc., 83, p. 530, 1910. 

5 P. Lenard, Ann. d. Phys., 8, p. 149, 1902. O. v. Beyer, Verh. d. D. Phys. Ges., 10, p. 
100, 1908. E.S. Bishop, Puys. REV., 33, p. 325, 1911. J. Franck and G. Hertz, Verh. d. D. 
Phys. Ges., 15, p. 34, P- 939, 1913. F. Mayer, 1.c. F.S. Goucher, Puys. REv., 8, p. 561, 
1916. See also R. D. Kleeman, Proc. Roy. Soc., 84, p. 16, 1910. 
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ions,! without using a corresponding multiple of the minimum ionization 
energy. Partzsch? has measured the average energy used to produce a 
pair of ions in a discharge tube. The values he obtained lie between 
27.9 volts for nitrogen and 14.5 volts for helium, which values are con- 
siderably higher than the minimum ionization potentials (except in the 
case of helium). If these values also hold for the average energy lost 
by an electron per ionizing collision outside of a discharge tube, then 
the total ionization arising from electrons of a given speed in the different 
gases should be inversely proportional to these numbers. 

7. The total ionization by electrons, then, has been measured in only 
two regions of the velocity range. These measurements have been 
made by more or less indirect means, and have given no definite relation 
between velocity and total ionization. A formula was found from 
indirect data, which gives results of the right order for the higher veloci- 
ties, but which fails completely to represent Kossel’s results both as to 
magnitude and to form of relation. On the other hand, there are several 
lines of evidence pointing to the conclusion that the total ionization is 
independent of the gas and depends only on the velocity of the electrons. 

8. The object of the present investigation was to determine the total 
ionization by a direct method. The total ionization produced by elec- 
trons of velocities up to 200 volts has been measured in oxygen, nitrogen, 
hydrogen, and helium. Electrons were generated by a hot platinum 
wire, accelerated in a distance less than the mean free path in the gas, 
and were then allowed to spend themselves in the gas in a large ionization 
chamber. The number of positive ions produced as compared with the 
number of electrons entering the chamber was then measured. 

9. The apparatus as finally used is shown in Fig. 2. The heavy 
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Fig. 2. 
1J. J. Thomson, Rays of Positive Electricity, p. 48. 


2A. Partzsch, Ann. d. Phys., 40, p. 157, 1913. J. S. Townsend, Electricity in Gases, p. 
295, I91S5. 
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copper cylinder C contains two electrodes, A and B. B is a brass 
cylinder, closed at both ends except for two small openings, and insulated 
from C by small pieces of ebonite. A is a brass rod insulated from C 
by an amber plug and guard ring. Electrons from the hot platinum 
wire a are accelerated toward a gauze-covered opening in the diaphragm 
b, pass through the gauze c and opening d and are absorbed in the gas 
in the cylinder B, where the ionization is measured. The axis of the 
cylinder was placed parallel to the earth’s resultant field to avoid 
magnetic deflection of the electrons which would otherwise be appreciable. 

One of the leads of the hot-wire cathode was a brass tube, which also 
served as a focusing ring; the other was a brass rod inside the tube, 
and the whole was mounted in a glass holder cemented to the outer 
cylinder. A 6-volt storage battery furnished the heating current. A 
small electron current had to be used and this was found to be steadier 
without an oxide coating on the filament. A set of storage cells V 
connected between a and bd gave the electrons the desired velocity, and 
by the same cells the electrons could be retarded by any potential D 
in steps of 2 volts, in the space bc. The distance ab was about 4 mm., 
bc and cd each about 2 mm. The holes a, b, and c were about 5, 8, 
and 10 mm. in diameter, respectively. The electrometer, used at a 
sensitiveness of about 150 mm. per volt, measured the drop of potential 
over a high resistance R due to the ionization current (steady deflection 
method). By this means any erratic behavior of the cathode could at 
once be seen. An adjustable xylol and alcohol resistance was at first 
used for R, but this was found to polarize slightly. An India-ink line 
on paper gave perfect satisfaction. 

10. Three different measurements could be made by changing the 
electrometer connections: the original electron current, the positive 
ions produced, or the sum of the original electrons and the negative 
ions. The diagram shows the connections for measuring the sum of the 
electrons and the negative ions. C is to earth, B to earth through 
the shunted electrometer, and A is connected to the negative side of 
the battery E, the other side of which is earthed. To measure the 
positive ions, A was connected to the electrometer, B and C connected 
to the positive side of E, the negative side being earthed. To measure 
the original electron current, C was earthed and A and B both connected 
to the electrometer and used as a Faraday chamber. The connections 
were made through a commutator, not shown in the diagram, so that 
_the change from one arrangement to another could be made in one 
operation and readings taken in rapid succession. For low pressures 
the reading for the sum of the electrons and the negative ions was 
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quite accurately the same as the sum of the other two readings. For 
higher pressures, however, the first named quantity was usually a few 
per cent. lower, probably because at the higher pressures a larger pro- 
portion of the ions were formed near the hole and were driven out through 
it by the field. For this reason, only the readings for the original 
electrons and for the positive ions were used in the final experiments, 
the other reading serving merely as a check. 

In this way the ionization was measured at different velocities and with 
different pressures. The results thus obtained for the four gases are 
illustrated by the values for nitrogen, Fig. 3, which gives the number of 
ions per electron, m at different pressures and different velocities. For 
the lowest velocities used the ionization soon reaches a maximum as 
the pressure increases, and then falls off slightly, while for the higher 
velocities the maximum value comes at much higher pressures; for the 
highest velocities the maximum is not reached with the greatest pressures 
used. This is caused by the greater penetration of the fast rays. Unless 
the pressure is high enough they strike the sides of the cylinder before 
their energy is spent and do not produce as many ions as at higher 
pressures. The slower electrons are comparatively easily absorbed as 
the curves show. In taking these curves the potential E used to drive 
the ions to the electrodes was 20 volts except for the lowest pressures, 
where 10 or 12 volts were sufficient to insure saturation. There was no 
appreciable additional ionization if the potential greatly exceeded these 
values. 

Since the space ab, where the electrons are accelerated, can not be a 
vacuum but must contain gas at the same pressure as the ionization 


™ 





Pressure, mm 
Fig. 3. 


Nitrogen. 


chamber, it is to be expected that many electrons collide within this 
distance and produce new electrons that enter the ionization chamber 
with low velocities. This then necessitates a correction to the values 
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given in Fig. 3. The velocity distribution of the electrons was deter- 
mined by applying an opposing potential D in the space bc and measuring 
the number which got through. The gauzes at } and c were smoked in 
order to avoid 6-rays. Some curves obtained in this way are reproduced 
in Fig. 4, where each ordinate represents the number of electrons with 





Dept 


Fig. 4. 


Velocity distribution curves. 


velocities greater than the corresponding abscissa. At the lowest pressure 
the number of electrons does not fall off much until D approaches V, 
when the number falls off quite abruptly and is zero at DS V. For 
higher pressures, as D increases, there is at first a sharp decrease in the 
deflection, then a more gradual slope, and finally a fairly sharp drop to 
a positive value at D = V which remains constant as D is further 
increased. The positive deflection can be ascribed to positive ions made 
by the electrons in the space bc. These are swept into the cylinder with 
the first 10 volts of the retarding field where there is the sharpest drop 
in the curve. Ordinates should then be measured from the lowest part 
of the curve, where D = V, except for values of D between o and 10 
volts. The gradual slope of the central portion of the curve is due to 
slow electrons, either new electrons produced near the gauze b or original 
electrons that have lost part of their energy in collisions. 

11. The method of procedure was then as follows: At the lowest 
pressure to be used, the ratio m between the number of positive ions and 
the number of electrons producing them was determined for a series of 
different velocities, beginning with the lowest velocity at which any 
appreciable number of ions was produced. At least four determinations 
of m were made at each velocity, using the same or different electron 
currents. Then distribution curves were obtained with the same veloci- 
ties before the pressure was changed. This was repeated at a series of 
increasing pressures, the lower velocities being gradually dropped and 
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higher ones used. In this way were obtained curves similar to those in 
Fig. 3, and velocity distribution curves for corrections to be applied at 
each point. 

The distribution curves show the presence of velocities ranging from 
that given to the electrons down to zero, the slope depending on the 
pressure. The slow electrons produce ions as well as the faster ones, 
and the ratio m does not give the ionization due to any one velocity. 
To get the number of the ions produced per electron at a given velocity, 
successive corrections were applied to m from the distribution curves. 
At a certain velocity, 10 volts for oxygen, no ionization could be detected. 
At the next velocity used, 14 volts, the ionization was produced only by 
the electrons having a velocity over 10 volts, the number of which was 
found from the distribution curve at that pressure. The number of 
ions ” produced by an electron having a velocity in the range 10 to 14 
volts could then be found by dividing m by the fraction of all the electrons 
which have a velocity in this range. The number » was used in correcting 
the value for the next interval, 14 to 20 volts, and soon. The correction 
formula takes the form 


Nyiom10 + Nistis + Noo + moo + +++ + Nom, = Mm, 


where the N’s denote the fraction of the electrons havng speeds in a 
given range, as found from the distribution curve, and the ’s are the 
number of ions per electron at that range as previously determined. 
The sum of these products is the ratio m, of the ions to the electrons as 
observed, and from this m, was determined. This process was repeated 
for the next higher pressure and so on until all the curves were corrected 
as far as was thought consistent with accuracy. It is to be noted that 
the first few terms in the correction formula are almost negligible, but 
as the electron velocities increase in value the total correction becomes 
considerable. The reason for this is that although there are many slow 
electrons, their ionizing power is small. There is an upper limit beyond 
which the corrections could not be carried because for fast rays such high 
pressures must be employed that the distribution curves became very 
unfavorable for an accurate determination of the exact number of the 
high-speed electrons. With the present apparatus this limit was reached 
at velocities corresponding to about 200 volts. At this velocity the 
probable error is quite high, of the order of 25 per cent. 

12. The results for the various velocities were plotted against pres- 
sures, as shown in Figs. 5 and 6 for nitrogen and helium. From these 
curves the values of m were taken in the region where they are independent 
of the pressure and in Figs. 7 and 8 the number of pairs of ions per electron 
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is plotted against the energy in volts. The'curves are practically straight 
lines, represented by the equations 
n = .0276(V — 12) for nitrogen, 
= .0275(V — 11) for oxygen, 
.0258(V — 11) for hydrogen, 
= .0244(V — 20) for helium, 


n 
n 
and n 





Pressure, mm. 
Fig. 5. Fig. 6. 


Nitrogen, corrected. Helium, corrected. 


where the electrons have a velocity corresponding to V in volts. For 
oxygen and hydrogen the curves point to about 11 volts as the energy 
necessary to produce positive ions, in good agreement with the generally 
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Fig. 7. Fig. 8. 


Oxygen and hydrogen. Helium and nitrogen. 


SS 


‘ accepted values.! The nitrogen curve cuts the axis at 12 volts whereas 

ionization has been found to begin in nitrogen at 7.5 volts? or 11.5 
» volts. The helium curve points to 20 volts as the minimum ionization 
potential, while ionization was observed at 14 volts. The helium prob- 
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ably contained hydrogen as an impurity. No attempt was made to 
determine the minimum ionization potentials closely because this has 
already been done by more sensitive methods. 

The three most prominent facts shown by these curves are, that the 
total ionization is proportional to the excess of the initial energy of the 
electrons above the minimum ionization energy, at least for the lower 
and more accurate parts of the curves; that the results for the four 
gases are practically the same; and that the values are much higher than 
those obtained by Kossel’s method. 

As to the first of these observations, it is seen that the electrons 
with velocities just above the ionization limit are very inefficient ionizers. 
Only a small fraction of them produce ions, the rest losing their energy 
in inelastic collisions.| Though the electrons can produce ions, for 
example in hydrogen at about 11 volts, they do not average one ion per 
electron until a velocity due to about 50 volts is attained. The average 
energy used per ion, as ‘found from the curves, is 36 volts for nitrogen 
and oxygen, and 41 volts for hydrogen and helium, above the minimum 
ionization energy. The average energies in volts given by Partzsch 
for the discharge tube are 27.9 for nitrogen, 23.9 for oxygen, 27.8 for 
hydrogen, and 14.5 for helium. The values are probably too low, how- 
ever, as they are calculated on Townsend’s assumption of perfectly 
inelastic collisions. Mayer calculates the ratio of the ionizing collisions 
per centimeter to the number of ‘“‘kinetic theory” collisions for electrons 
of about 130 volts velocity. With the aid of this ratio the energy loss 
per non-ionizing collision could be calculated by assuming that not much 
more than the minimum ionization energy is used in producing ions. 
Mayer’s values, however, depend on the results of Kossel’s experiments, 
and reasons will be given presently for believing that Kossel’s values of 
q@ are not correct. 

That the total ionization should be nearly the same for the four gases 
is in’ accord with the results for electrons of higher velocities. The 
interpretation of this must be that the less energy a gas absorbs in 
ionization, the more it absorbs in non-ionizing collisions; or, the more 
inelastic a molecule is to electrons, the more easily it is ionized. That 
this is so in a general way is seen from the available data on minimum 
ionization potentials and elasticity of collisions. The monatomic gases 
are elastic, but require in general a higher velocity for ionization than 
the other gases. Exceptions to this are mercury vapor on the one 
hand, and hydrogen on the other. The differences are not so marked 
in the gases used in this investigation. The curves do differ in slope by 


1 J. Franck and G. Hertz, Verh. d. D. Phys. Ges., 15, p. 373, 1913. K. T. Kompton and 
J. M. Benade, Puys. REv., 8, p. 449, 1916. 
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a slight amount, and it may be that a gas like argon would show a higher 
total ionization than the gases employed here. 

13. The values of the total ionization as obtained by the direct method 
differ from the results due to Kossel’s method by a factor varying from 
3 to 7. The discrepancy exists not only at 200 volts but continues up to 
the higher velocities. The uncorrected curves for nitrogen in Fig. 3 show 
velocities up to 1,000 volts, and these point to values as high as the straight 
line relation in Fig. 8 indicates. This is larger than any ordinary experi- 
mental error and must be due to a fault in one method or the other. 
There are two causes that might make Kossel’s values too low. The 
first of these is the presence of slow electrons in the electron stream. 
Correction was made for electrons stopped between the condenser plates 
but not for the slow electrons entering with the stream. That these 
may have been present in appreciable quantities at the pressures used 
is shown by the distribution curves obtained in the present investigation. 
The effect of this would be to make the values for a too low. The second 
objection to the method is that Lenard’s absorption coefficient which 
Kossel used is not applicable here. There are two absorption coefficients 
that can be considered in connection with an electron stream. One is 
that defined, and measured, by Lenard, which is the loss of numbers of 
electrons from the beam. It is not concerned with what happens to an 
electron after its course is changed. The other absorption coefficient is 
that deduced theoretically by J. J. Thomson (I. c.). This refers to the 
loss of kinetic energy of the average individual electron. C. T. R. 
Wilson! has shown for fast electrons that the direction of the path is 
often changed while the electron continues to make ions. The same 
undoubtedly takes place at lower velocities, and, though the electron is 
lost from the beam, it is not lost for the purpose of ionization. The 
absorption coefficient deduced from this point of view may be con- 
siderably smaller than Lenard’s absorption coefficient. A striking illus- 
tration of the difference is given by hydrogen. The absorption of slow 
rays in hydrogen is twelve times that predicted from the density law,? 
and still hydrogen has been found to reflect these electrons with little 
loss of energy. It seems probable, then, that if the correct absorption 
coefficient were used Kossel’s method would give considerably larger 
values for the total ionization. There are no data available on this 
coefficient, however. The discrepancy between the two methods may 
be largely explained by these considerations. 

14. There remains to be discussed the preparation of the gases and 
the effects of impurities in them. The nitrogen was prepared by heating 


1C, T. R. Wilson, Proc. Roy. Soc. A., 87, p. 277, 1912. 
2F. Mayer, l. c. 
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a solution of NaNOz and NH,Cl. After the flask and connecting tubes 
had been well washed out, the gas was collected over water, which it 
displaced in a large bottle. Before being used it was passed over P20 
to remove the water vapor, and over hot copper and copper oxide to 
remove oxygen and hydrogen. The hydrogen was obtained by diffusion 
through a hot palladium tube. The gas was collected directly in a 
reservoir connected with the apparatus. Oxygen was prepared by heat- 
ing potassium permanganate and was collected over a KOH solution free 
from other gases. The helium was purified by passing it over hot copper 
oxide to remove hydrogen which was known to be present, and by passing 
it through charcoal in liquid air to remove all other impurities. The 
hydrogen was probably not entirely removed since ionization began at 
14 volts instead of the accepted value of about 20 volts. 

To see whether vapors from the sealing-wax joints and the stop-cock 
grease, and also mercury vapor, had any disturbing effect on the results, 
a trap was introduced near the ionization tube. After immersing the 
trap in liquid air for a number of days no difference was observed in the 
ionization or in the distribution curves. The liquid air was therefore 
not used in the final observations. It is not to be expected that impurities 
should have so disturbing an influence as, for instance, in minimum 
ionization experiments, where the limit of an effect is measured, or in 
experiments where surface films on the electrodes might collect disturbing 
charges. 

SUMMARY. 

1. The total ionization produced by electrons of velocities up to 200 
volts has been determined for nitrogen, hydrogen, oxygen, and helium 
by a direct method. 

2. The total ionization in these gases is proportional to the energy 
the electrons possess above the minimum ionization energy, at least up 
to 150 volts. 

3. The results are practically the same in the four gases, in accord 
with results at higher velocities. 

4. Reasons have been pointed out showing why the values for total 
ionization obtained by Kossel are too low. 

In conclusion, the writer wishes to express his thanks to Professor 
H. A. Bumstead, who suggested the problem and whose advice cleared 
away many of the difficulties; he is also indebted to Dr. H. M. Dadourian 
for many valuable suggestions during the course of the work. 


SLOANE LABORATORY, 
YALE UNIVERSITY, 
June 18, 1917. 
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THE VALUE OF “h” AS DETERMINED BY MEANS OF X-RAYS. 


By F. C. BLAKE AND WILLIAM DUANE. 


UANE and Hunt! have proved experimentally that the voltage V 
required to produce X-rays of a given frequency »v is determined 
by the quantum relation 


Energy of electron = Ve = hp, (1) 


in which e is the elementary charge and h Planck’s action constant. 
Conversely, the law may be stated thus: the quantum relation! gives 
the maximum frequency of the X-rays produced when we apply a con- 
stant voltage V to an X-ray tube. This law holds for the general 
X-radiation. 

It had been assumed previously by certain scientists that the laws 
of the quantum emission of radiant energy applied in some way to the 
production of X-rays. Attempts had been made to prove from experi- 
ments that the voltage required to produce characteristic X-rays obeyed 
the law. This, however, is not in general true. Although the quantum 
relation gives the order of magnitude of the energy required to produce 
characteristic X-rays, the law does not hold strictly for all of the char- 
acteristic lines. Dr. Webster? has shown experimentally that the voltage 
required to produce many of the characteristic lines is considerably 
higher than the voltage calculated from the quantum law. He has shown, 
also, that the highest frequency line of a series very approximately 
obeys the law. 

In the above-mentioned researches the experimenters employed a 
Coolidge X-ray tube, in which the electrons emitted by a hot tungsten 
wire and not gas ions carried the current. A high potential storage 
battery of 20,000 cells generated this current at the required constant 
voltage. 

The frequencies of the X-rays were measured by means of a Bragg 
X-ray spectrometer, a crystal of calcite serving as the reflector. The 
equation 

\ = 2a sin 8, (2) 


1 Puys. REv., Aug., 1915, p. 166. 
2 Puys. REv., June, 1916, p. 599. 
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in which @ is the grazing angle of incidence and a the distance between 
two successive planes of atoms in the crystal, gives the wave-length of 
the reflected X-rays. 

The above quantum law, applied to the general radiation, provides a 
new method, capable of considerable accuracy, of determining this 
highly important constant h, or, strictly speaking, the ratio of h to e. 
On this account we determined to try to improve the apparatus and to 
make a series of measurements as accurately as possible. 

Mr. Hunt assisted us in designing a new spectrometer. It differs 
only slightly from an ordinary optical spectrometer. Two adjustable 
slits in lead disks, 1 cm. thick, take the places of the objective glasses of 
the collimator and telescope. A glass ionization chamber replaces the 
telescope, and a brass tube fixed in position and provided at the far end 
with a third adjustable lead slit replaces the collimator. 

The brass tube extends through a brick wall into an adjoining room, 
and the X-ray tube lies opposite its end: thus the spectrometer and the 
X-ray tube are in adjoining rooms, and this arrangement furnishes a 
very complete protection from stray X-rays. 

The photograph represents the arrangement of the pieces of apparatus. 
The X-ray tube lies behind the wall, the end of the brass tube through 
which the X-rays come being hidden by the lead disk at the back. The 
galvanized iron box surrounding the spectrometer protects the apparatus 
from electrical disturbances. 

The spectrometer carries two scales, one for the ionization chamber and 
one for the table supporting the reflecting crystal. The settings of each 
of these can be read by pairs of verniers to within about 5 seconds of arc. 

The photograph shows a metal ionization chamber attached to the 
spectrometer, but as we wished to use methyl iodide or ethyl bromide 
- as gases in the ionization chamber, and as these gases attack grease and 
cement, we designed a glass ionization chamber containing neither 
grease nor cement of any kind. 

Fig. I represents this ionization chamber. It consists of a glass 
tube AB with a very thin glass window blown in it at the end A. The 
window lies toward the reflecting crystal. The glass of the window is 
so thin that it absorbs very little of the X-radiation. To provide a 
guard ring for the electrode, we had the steel tube C ground into a small 
side tube D and another glass tube E ground into the steel tube C. 
Through the tube E, and sealed in its end, passes a platinum wire, which 
supports a second wire F running nearly the length of the tube AB. 
A mercury jacket G surrounds the steel tube D, and this is electrically 
connected to earth. Thus the mercury and steel tube form mercury- 
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sealed joints and at the same time an electrical guard ring for the elec- 
trode. A thin piece of sheet steel, lying against the inside surface of 
the glass tube AB and connected through H to a battery, acts as the 
second electrode. 

After filling the chamber with the methyl iodide or ethyl bromide, as 
the case might be, we sealed off the glass intake tube and thus left no 
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Fig. 1. 


chance for the gas to escape. With this arrangement the gas in the 
chamber touches nothing but metal and glass. 

A fine wire above the ionization chamber passing through brass tubes 
filled with paraffin connects the electrode to a quadrant electrometer 
(see photograph). This rests on a fixed shelf immediately over the 
crystal table of the spectrometer. 

The voltage applied to the X-ray tube we measure by means of an 
electrostatic voltmeter enclosed in a second large metal lined box and . 
joined in parallel to the electrodes of the X-ray tube. 

This voltmeter has been much improved by Dr. Webster and Dr. 
Clark. It consists of four large metal balls, two of them stationary and 
two suspended by a bifilar suspension. The deflection of the movable 
balls can be read by means of a telescope, mirror and scale. The magni- 
fication of the telescope is such that 1/1oth of a millimeter on the scale 
can be estimated easily. The deflection of the instrument for the voltage 
used amounts to about 80 cm., so that an observer keeping his eye on 
the instrument, and varying a water resistance in series with the X-ray 
tube, can keep the voltage applied to the tube very constant during the 
experiment, in spite of a small decrease in the electromotive force of the 
battery that usually occurs. 
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We calibrate the voltmeter during each series of measurements by 
means of a current flowing from the high potential storage battery 
through a resistance of 894,700 ohms. We medsure this current by 
means of a milliammeter which we calibrated with two entirely different 
potentiometers and standard cells. 

Unfortunately the zero of the instrument does not remain quite fixed. 
The shift, amounting to not more than 2 mm., occurs during the first 
two minutes after the voltage is applied to the instrument. In taking 
readings for the calibrations we allow a short time to elapse to correct 
for this shift. On account of the shift the accuracy of our measurements 
is somewhat uncertain, but we would be much surprised if the error of a 
single measurement of the voltage amounts to as much as 1/10 of one 
per cent. 

In setting up the electrometer we had no difficulty in placing the crystal 
so that its front face lay very close to the axis of rotation of the crystal 
table. In doing this we employed optical methods, using a fluorescent 
screen to locate the X-ray beam. By these methods also, we determined 
roughly the zero positions of the ionization chamber and of the crystal 
table. Since, however, we make measurements on both sides of the 




















Fig. 2. 


zero position we do not have to determine the zeros with great accuracy, 
provided that certain corrections to be described later are carefully 
estimated and applied. . 

As Duane and Hunt pointed out in finding the value of h either the 
voltage can be kept constant and the crystal table turned around (the 
ionization chamber being shifted at twice the rate), or the crystal table 
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and ionization chamber may be kept fixed and the voltage varied. In 
either case the ionization current is measured. We adopted both 
methods of procedure. The curves (Figs. 3 and 4) represent the ioniza- 
tion current as a function of either the voltage or the crystal table setting. 
The values of the angles and the voltages corresponding to the points 
where the ionization currents vanish are the values to be used in calculat- 
ing h (or the ratio of h to e) from equations (1) and (2). The distances 
of the horizontal portions of the curves above the zero axis of current 
indicate the sizes of the natural leak in the ionization chamber plus the 
current due to stray X-rays. 

Near the point where the ionization current vanishes the curves are 
rounded off toward the horizontal axis. The rounding off is due to the 
finite widths of the slits and of the source of rays. A glance at Fig. 2 
will make this clear. F represents the focal spot on the target of the 
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Fig. 3. 


X-ray tube. S,, S, and S3 represent the three slits. Evidently all the 
rays striking the crystal do not make quite the same angle with the 
reflecting planes, so that the reflected beam contains waves of slightly 
different wave-lengths. 

We adopted two methods of estimating the points at which the ioniza- 
tion currents vanish. First we continued the curves downward, as 
represented by the dotted lines in Figs. 3 and 4, and assumed that the 
points at which the curves met the zero lines correspond to the wave- 
lengths of the rays passing through the centers of the slits; and secondly, 
we estimated from the shapes of the rounded-off portions of the curves 
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the points at which the ionization current actually did vanish. Evidently 
the latter points correspond to the extreme X-rays that just graze the 
edges of the slits. The differences between these two values should 
represent one half the angle between the extreme rays as represented in 
Fig. 2. As a matter of fact a very close agreement between the results 
of the two methods of estimating the vanishing point proves that this 
way of correcting for the finite widths of the slits and source is sub- 


stantially correct. 
Evidently the angular breadth of the beam of X-rays will depend upon 
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the relative magnitudes of the source and of the slits and upon their 
relative positions. Fig. 2 represents the three cases that occurred in 
our experiments. : 

In the arrangement marked A the slits S, and S; determine the angular 
breadth of the beam. If we call 6 one half the angular breadth of the 
beam, then 6 represents the correction to be added to the grazing angle 
of incidence. The value of 6 may be calculated at once. It appears 
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from the geometry of the figure that 


Sp _ x 
S3 a 7 
and that 
tan 6 = — 
from which 
tan 6 = — ces ; 
2(x + y)’ 


x + y being the distance between the slits. In the experiments the 
values of a, 6 and c were about 


a=26cm., 6=40cm., ¢ = 56cm. 


In one experiment the dimensions of the slits and source had values 
such that the breadth of the focal spot on the target and the width of 
S3; determined the angular width of the beam of X-rays. B of Fig. 2 
represents this case. 

In a third experiment we arranged the apparatus so that S; and S2 
controlled the width of the beam, as 
shown at C of Fig. 2. A method of 
sl calculating the slit correction 6 simi- 
lar to that explained above applied 
a * in this case. 

Slit 2 \ Slit 1 In measuring the widths of the slits 
i we proceeded as follows. We removed 
\ the crystal table and placed the slits 
\ in line with each other. We then 
‘ ‘ gradually closed the slit the width of 
| \ which was to be estimated, and meas- 
\ ured the ionization current for differ- 
— sat 1. ent positions of the slit’s micrometer 
“Wedth of Slit in screw. Fig. 5 represents the actual 
measurements taken in two of the de- 
terminations. The numbers on the 
horizontal axis represent the amounts in hundredths of a millimeter by 
which the slit was closed from the width that it had during the experiment. 
The ionization current vanished at a certain point, and evidently the dis- 
tance from the vertical axis to this point gives the original effective width 
of the slit. Owing to a slight lack of alignment of the lead sides of the 
slits the ionization current generally vanished before the sides came in 
close mechanical contact with each other. 
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It may be noted here that the slit correction does not usually amount 
to as much as 2 per cent. of the grazing angle of incidence, which gives 
an idea of the accuracy with which the critical limiting wave-length 
can be estimated from the curves of Figs. 3 and 4. 

In order to find out whether in cases A and B the angle measured to 
the slit in front of the ionization chamber was twice the grazing angle 
of incidence, we made several tests as follows. We set the crystal table 
at a given angle and then by moving the ionization chamber step by step, 
measuring the ionization current in each position, we sought out the 
position of maximum intensity. We then turned the crystal table 
through an angle of (180° — 2 6) and again sought out the position of the 


maximum intensity. 
Fig. 6 represents two pairs of such maximum curves. The first pair 
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corresponds to the arrangement represented by A in Fig. 2, and the 
second by B in Fig. 2. In the latter case the center of gravity line 
of the curve does not appear to be quite vertical. The fact that the form 
of the curve does not reverse for reflection on the other side of the zero 
line proves that the source itself causes the lack of symmetry. On 
account of this lack of symmetry we take the position of the center of 
gravity line at the bottom to represent the true reading of the instrument 
for the center of the beam of reflected X-rays. 

It appeared early in our work that the angle between the two center 
of gravity lines was not exactly twice the angle between the reflecting 
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planes of the crystal in its two positions. In other words, the ionization 
chamber angle was not always twice the grazing angle of incidence. 
Sometimes it was greater and sometimes less than the grazing angle of 
incidence. This discrepancy is due largely, if not entirely, to the fact 
that the X-rays are not all reflected from the surface of the crystal. 
Some of these penetrate a considerable distance into the crystal and are 
reflected at planes below the crystal surface. 

The penetration of rays into the crystal causes a certain error in cal- 
culating the values of the X-ray wave-lengths, unless it is corrected for. 
These corrections must be applied to all measurements made with the 
apparatus arranged as represented by A and B in Fig. 2. No such 
correction is required, however, in the arrangement represented by C 
in Fig. 2; for in this case the ionization current does not depend upon 
the exact position of the ionization chamber, as long as slit S3 is broad 
enough to allow the whole reflecting beam of X-rays to enter the ioniza- 
tion chamber. 

The method we adopted for making a correction for the penetration 













2POB-<" 
<Pcp=20° 
<OBC= y’ 
20'a~ ty" 





Fig. 7. 


of rays into the crystal may be explained as follows: Let A, in I., Fig. 7, 
represent the slit through which the X-rays come from the X-ray tube, 
and let B represent the slit in front of the ionization chamber. Let O 
be the axis of rotation of the spectrometer, and R, the radius of the circle 
on which the slits move. Suppose that the spectrometer has been set 
up so that the center of the beam of X-rays passes through the axis of 
rotation O, and further, suppose that the slit B has been placed at the 
center of the reflected beam of X-rays determined as described above. 

Call EE’ the effective reflecting plane of the crystal. The effective 
reflecting plane of the crystal we define to be the plane in the crystal 
such that, if all the X-rays penetrated to it and were there reflected 
to the ionization chamber, the effect in the ionization chamber would 
be the same as the sum of the effects due to the various reflections 
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actually taking place at the successive planes of atoms in the crystal. 
In order to obtain the correction to be made, if this effective reflecting 

plane does not coincide with the axis of rotation we must determine how 
far the effective reflecting plane lies from the axis of rotation. This 
may be done by means of the data obtained from the above-mentioned 
maximum intensity experiments as follows: In I., Fig. 7, the grazing 
angle of incidence is the angle ACE’ which we call 6’. This angle is 
given by the readings of the crystal table verniers. The ionization 
chamber verniers give us the angle POB, which we call a’. If y’ repre- 
sents the small angle at B, it appears from the triangle OBC that 
20’ =a'+ yy’. Calling OC b we have 

sin 7’ b 

sin 20’ _R’ 
and if d is the perpendicular distance from the axis of rotation to the 
effective reflecting plane, 


d =bsing’ = ——, 


This gives us d in terms of known quantities. Now suppose that the 
spectrometer has been set up for making the measurements of the value 
of h, and that the ionization chamber angle is exactly twice the angle 
made by the crystal planes with the zero line. II. in Fig. 7 represents 
the arrangement. Under these conditions, if the effective plane EE’ 
does not lie on the axis of rotation O, the X-ray that enters the ionization 
chamber will not be the X-ray that passes through O, but the one that is 
reflected at D at the foot of the perpendicular line from O on the effective 
plane EE’; for this is the ray such that the angle of incidence equals the 
angle of reflection. 

Evidently the grazing angle of incidence ADE’ (called now 6’) from 
which the wave-length is calculated is not the same as the angle between 
the effective reflecting plane and the zero line. 

Call a’’ the ionization chamber angle POB. This by the setting up 
of the instrument is twice the crystal table angle POH. Then, calling 
p’ the small angle at B, we have the relations 6” = 4a” + 6’, and 





From the previous experiments we know the value of d, and from this 
we get the value of 6’, which must be added to Ya” to give us the 
true grazing angle of incidence. 
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If the angles are small, we may take 
B’ =~ — Va! 
and to get the grazing angle of incidence we must add #’ to the observed 
angle between the reflecting planes and the zero line. 

In practice we measured this angle by taking the readings on both sides 
of the zero line so as not to have to determine the zero with great accuracy. 

In some of the observations we did not have the observed angle 
between the two positions of the reflecting planes in the crystal quite 
equal to one half the angle between the two positions of the ionization 
chamber. This introduces a second correction, which may be calculated 
in a manner similar to that for the last correction. Calling the observed 
crystal table angle 6 and the observed ionization chamber angle a, this 
correction amounts to 

B =6— Ya, 
and must be subtracted from @ in order to give the true grazing angle 
of incidence. 

We have therefore three corrections to make; (a) the corrections for 
the slit width, (b) the correction for the fact that the axis of rotation does 
not lie in the effective reflecting plane of the crystal and (c) the correction 
for the fact that the ionization chamber angle may not be exactly twice 
the crystal table angle. In the column of the table marked “6 corrected”’ 
all three of these corrections have been introduced, where possible. 
In the first two sets of observations we did not examine the relative 
values of 6’ and a’, but the large width of the slit S; minimized the error 
thus introduced. 

The curves in Figs. 3 and 4 represent the actual readings taken. We 
made six sets of observations. Fig. 3 contains plots of the first three 
sets. Curves III. were taken with fairly narrow slits and show that 
the slopes of the curves for extrapolating back to the horizontal axis are 
not straight lines, but are slightly concaved upward. ‘We did not take 
enough points for Curve I. to determine its true shape, so we drew 
straight lines down to the horizontal axis. 

Fig. 4 gives the observations corresponding to the lower three lines of 
the table. For each of these experiments we kept the crystal table and 
ionization chamber stationary and changed the voltage applied to the 
X-ray tube. In the experiment represented by II. slits S:; and S3 were 
each .4 mm. broad. The X-ray tube, however, had been turned so as 
to give nearly the line source, and the focal spot on the target proved to 
be too small to fill up the dihedral angle formed by slits S; and S;._ Fig. 
2B, therefore, represents the method of slit correction. At best we could 
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estimate only roughly the width of the source, so that we reversed the 
calculations with respect to this set of observations, taking the value of 
h obtained by the extrapolation method as exactly equal to that deter- 
mined by the slit correction method, and by means of the geometry of 
case B calculating the width of the source. This turned out to be 
0.37 mm. In the table for this set of observations certain figures are 
enclosed in brackets. The corresponding value of #4 has not been 
counted in calculating the average. 

Curve III., Fig. 4, represents a series of readings by the method used 
by Duane and Hunt in which slits S,; and S2 were very narrow, and slit 
S3 wide enough to include the entire reflected beam. Within reasonable 
limits this method should be independent of the position of the effective 
reflecting plane in the crystal with respect to the axis of rotation. The 
experiments confirm this statement. 

Curves II. and III., Fig. 4, represent experiments in which the front 
face of the crystal lay at exactly the same distance from the axis of rota- 
tion. Careful measurements by a cathetometer shows that the front 
face of the crystal was 0.275 mm. in front of the axis of rotation. Apply- 


ing the formula 
R sin ¥’ 280 sin (1’ 46’) 
= ——— = ———. = 0.072 mm. 
2 cos 6 2 cos (3° 10’ 17”) 


shows that for Curve II. of Fig. 4 the effective plane (for 6 = 6’) was 
0.275-0.072 = 0.203 mm. below the crystal’s surface. 

Although the crystal face was .275 in front of the axis of rotation, 
nevertheless, this method of two narrow slits between the source and 
crystal gives the correct value of h as the last line of the table clearly 
indicates. 

Co!umns 18 and 19 of the table contain the values of # as estimated by 
the extrapolation method and by the slit correction method respectively. 
Column 20 gives the relative weight we have given to the different sets 
of observations. 

The crystal employed was calcite and the face chosen the (100) plane. 
In the formula 
Very 2Ve 
= 


k= 


Lg d sin 0 

V 
we used for d the value given by Gorton! and by Compton,? namely, 
3.028 X 10° cm., for e Millikan’s value, 4.774 X 107!° electrostatic 
units and for c 2.999 X 10! cm. per sec. 

As the table indicates, the extrapolation method and the slit correction 


1 Puys. REv., Feb., 1916, p. 203. 
2 Puys. REv., June, 1916, p. 646. 
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method agree with each other very closely. Further the values of h 
obtained in the various experiments differ from each other very little, 
so that we now think that any error in the measured value of h must be 
sought for in errors in the value of the elementary charge e and in the 
value of the grating Constant d. Our average for h is 6.555 X 107”. 
This agrees very closely with the value of 4 calculated by Bohr’s formula 
2m°e*m 
es he 
for Rydberg’s constant, namely h = 6.544 X 10~*”, the value of N 
being taken as 3.290 X 10" and the value of e/m as 1.77 X 107 e.m.u. 
Using our value of h to calculate e/m we get e/m = 1.761 X 107 e.m.u. 
and using Millikan’s value of e this gives m = 9.038 X 10-% grams and 
taking my of hydrogen to be 1.650 X 10~*4 grams we get my/m = 1826. 
Calculating a from the equation 


h4'38 748 1/3 
h = (* ==) ’ 
C a 


using Millikan’s value! for k we get a = 7.612 X 10-", taking c = 
2.999 X 10°. This in turn gives for the value of c, the radiation con- 
stant, 1.433 cm. deg., in very close agreement with Coblentz’s recent 
value,? 1.432, while Warburg and Miiller® give 1.430. The quantity 
o = ac/4 comes out 5.707 X I0-°. 

In addition to those deduced from radiation measurements, in which 
Planck’s radiation formula is used, other values of this constant h have 
been obtained recently as follows (using the above value of e): 


By MEANS OF X-RAYS. 


I I I nana s canna awn ee ned a eee 6.51 X 10-27 
Es ats outs Chesed eb Veweesaoenpeae uaa keene ace 6.59 X 107?7 
Ns oii coed oh WE deeed ee RR ae eee eae 6.53 X 10777 
Co ee een 6.53 X 10-27 
By THE PHOTOELECTRIC EFFECT. 
PS EF kc eu Ween ea neces eee shee carepeude awa 6.57 X 10727 
Kadesch and Hennings®..............0cesesee0. 6.43 X 10727 
 rwnwkenr ccawae caw oe ium Rea ae (6.58-6.71) & 10727 


JEFFERSON PHYSICAL LABORATORY, 
HARVARD UNIVERSITY. 

1 Millikan, Proc. Nat. Ac. Sci., April, 1917. 
2 Coblentz, Bulletin Bur. of Standards, 12, p. 579. 
8 Warburg and Miller, Ann. d. Phys., 48, 410, 1915. 
4Puys. REv., Aug., 1915, p. 166. 
5 Puys. REv., Jan., 1916, p. 156. 
6 Puys. REv., June, 1916, p. 599. 
7 Proc. Nat. Ac. Sci., 3, 1917, p. 181. 
8 Puys. REV., 1916, p. 379. 
® Puys. REv., Sept., 1916, p. 221. 
10 Puys. Rev., Mar., 1917, p. 210. 
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THE THERMAL EXPANSION OF TUNGSTEN AT INCAN- 
DESCENT TEMPERATURES. 


By A. G. WorRTHING. 


INTRODUCTION. 


N a paper by Langmuir! on the characteristics of tungsten filaments as 
functions of temperature, there was given an equation representing 
the thermal expansion of tungsten. This was quite at variance with 
what the writer expected from certain results in his possession as well 
as with certain results previously obtained at room temperatures by 
Fink? at the Research Laboratory at Schenectady. For the region 
20° C. to 100° C. Fink obtained as the thermal expansion coefficient 
3.36 X 10-* 1/deg., while Langmuir’s results lead to very closely 75 
per cent. of this value. Because of this disagreement and of the writer’s 
need of these results in other work, the thermal expansion of tungsten 
was investigated. Following the presentation of the results to the Phys- 
ical Society,? the writer has been informed by Langmuir that an error 
has been found in his work and that his corrected results agree with 
the writer’s. 
In order that more nearly correct values may appear in print, and 
with the hope that some of the details of procedure may give confidence 
and interest in them, the results and some of the details are here presented. 


METHOD. 


For the measurements at high temperatures, hair-pin and rectangular 
shaped filaments of considerable length with fine marks scratched on 
them, were mounted in long tubular glass bulbs, which were later 
evacuated. It was possible to obtain lengths of approximately 18 cm. 
which were satisfactorily free, at all the incandescent temperatures used, 
from the cooling of the leads to the filament, and on which therefore 
expansion measurements could be made. In this work a traveling 
micrometer microscope and a position microscope were used. The posi- 
tion microscope was always sighted on some small marker connected 
with the scratch near the top of the length being measured, the traveling 


1 Puys. REV., 7, p. 329, 1916; Gen. Elec. Rev., 19, p. 211, 1916. 
2 Trans. Am. Electrochem. Soc., 17, p. 233, I910. 
3 Jour. Franklin Inst., 181, p. 857, 1916. 






































va. X. THERMAL EXPANSION OF TUNGSTEN. 639 


micrometer microscope on some convenient marker at the other end. 
As the filament expanded or contracted with a change in temperature, 
the lamp was raised or lowered so that the position microscope was 
always sighted at the same marker, the error in the scales being thereby 
entirely limited to that one associated with the screw of the traveling 
micrometer microscope, a high-grade Société Genevoise instrument. 
Repeated measurements on the same filament with slight shifts in the 
position of this instrument together with the general concordance of the 
results showed that for this work the irregularities of the screw were not 
appreciable. The pitch of the screw has been assumed to be correct. 
Considerable care was taken, to protect the measuring instruments and 
the framework holding them in position, from heating appreciably. 
Any effects of this kind were within experimental limits. "Temperatures 
were measured with an optical pyrometer of the Holborn-Kurlbaum 
type. With this arrangement the expansions from room temperature 
to various incandescent. temperatures were determined. In this part 
the most serious difficulty arose from slight unequal shiftings of the 
filament on heating which made it impossible to retain good focusing 
conditions throughout a set. 

For the measurements at temperatures below incandescence, a filament 
somewhat over a meter in length was stretched horizontally along the 
axis of a brass tube which was wrapped with insulated copper wire for 
heating purposes. The filament was kept taut by means of a thread 
passing over a pulley and attached to a weight. Preliminary results by 
Dr. Dodge, of the University of Iowa, on Young’s Modulus for tungsten 
showed this to be a justifiable procedure. Two slits in the brass tube 
about 10 cm. from each end permitted the making of observations without 
serious end coolings. A small amount of magnesium smoke helped 
greatly in making the wire visible and in affording points on which posi- 
tion settings could be made. The average of many determinations with 
a calibrated thermocouple taken at equal intervals along the axis of the 
tube was taken as the temperature to be ascribed to any particular 
condition. The same general precautions were taken here as at the 
higher temperatures. In this part the most serious difficulty resulted 
from the variations in temperature along the filament. 


RESULTS. 


For a temperature scale based on 1336° K. as the gold point, a C, for 
Wien’s equation of 14350 u X deg.,! and the emissive powers of tungsten? 


1 See Hyde. Gen. Elec. Rev. 20, p. 819,1917. The preliminary results previously referred 
to were based on the same temperature for the gold point but with a C2 of 14460 X deg. 
2 Puys. REv., II., 10, p. 377, 1917. 
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reported elsewhere, the values for relative expansion on heating from 
300° K. that have been obtained are shown in the accompanying figure. 
Results at incandescent temperatures are given for two filaments only, 
since only in these two cases was sufficient care taken in going from room 
temperature to the lowest incandescent temperature. Results previously 
obtained on several other filaments showed equally good agreement at 
incandescent temperatures. Though for these there were relatively 
large variations in going through the lower interval, their average for 
this interval differed but slightly from that given on the plat. Only 
one filament as shown was used for the low range of temperatures. 

The experimental values are very well represented by the empirical 
equation 
L— Io : 
—“j, 4a x 10~*(T — 300) + 4.5 X 107"(T — 300)? 

. + 2.20 X 10-4(T — 300)%, 


where Lo and L respectively refer to the filament lengths at 300° K. 
and at the temperature T expressed in ° K. The average deviation of 
the observed relative elongations from those to be computed from the 
curve is very closely 4% of 1 per cent. The coefficients of expansion at 
300° K., 1300° K. and 2300° K. are seen to be respectively 4.44 1076 
1/deg., 5.19X 10~*1/deg. and 7.26X 
10~*1/deg. It is to be noted that, 
for the range measured by Fink, 
the results here presented give a 
value quite closely 14 greater than 
his. It is interesting to note, in 
accord with the general relation 
existing between the melting points 
and the coefficients of expansion of 
metallic elements for a given tem- 
perature range such as between 0° 
C. and 100° C., that tungsten, with 
the possible exception of molybde- 
num, has the lowest known coeffi- 
cient of expansion of all. The only 
measurements which the writer has 
seen relating to molybdenum are 
those by Fink.'! Since his results for tungsten and molybdenum fit 
in with the general relations mentioned, and since the discrepancy 
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Thermal expansion of tungsten as a function 
of temperature. 


1 Loc. cit. 
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arises only on comparing his value for the latter substance with the 
writer’s for the former, the exception may not be real. Further, of 
all elements for the region 0° C. to 100° C., only carbon in diamond form 
is recorded in accepted tables of physical constants as possessing a lower 
coefficient of expansion than tungsten, viz., 1.32 X 107®1/deg. 


NELA RESEARCH LABORATORY, 
NATIONAL LAMP WORKS OF GENERAL ELECTRIC COMPANY, 
NELA PARK, CLEVELAND, OHIO, 
July, 1917. 




















SECOND 
642 W. C. BAKER. i 


A SIMPLE CONSTRUCTION FOR A CONDENSATION PUMP. 


By W. C. BAKER. 


HE construction of the mercury condensation pump described 
below is so simple that it may be followed even by those of the 
most limited proficiency in the art of glass-blowing. 

A bit of fine quill tubing is joined to the end of a “1% inch”’ test tube 
as shown in Fig. 1, a. A small enlargement is blown in this about a 
centimeter from the test tube, and the quill is drawn off to a blunt point 
a centimeter farther out. The end of the test tube is then cut off so as 
to leave 5 or 6 mm. of parallel wall. The piece thus made will be referred 
to as the dome. 

Next two “1% inch”’ test tubes are selected such that one will slide 
inside the other leaving not more than 2 mm. difference between the 
inner diameter of one and the outer diameter of the other. The smaller 
of these is drawn down and cut as shown in Fig. 1, c. This piece will 


be spoken of as the chimney. 


Two bits of iron wire, of diameter about I mm. are next twisted to- 


‘gether as shown in Fig. 1, 6. The outer vertical pieces should rest 


snugly against the inside of the chimney and the hooks should bear on 
its upper edge, while the central rod is to be cut so as to hold the dome 
with its lower edge about 5 mm. below the level of the top of the chimney 
(see Fig. 2). 

The chimney is now slid to the bottom of the larger test tube and a 
point marked on the outer tube about 15 mm. above the line where the 
base of the chimney rests. Here a side tube is attached and below it is 
made a local enlargement, as shown in profile in Fig. 1, d. A section on 
the dotted line of Fig. 1, d, is given in Fig. 1,e. This passage is necessary 
to allow the condensed mercury to flow back freely under the base of 
the chimney. 

The dome is now fitted with a distance piece to hold it central in the 
tube. This is made of iron wire and is shown at f in both figures. It is 
tied on with finer iron wire. The enlargement in the quill of the dome is 
to prevent the distance piece from sliding off during the adjustment of the 


condenser. The assembled dome and chimney are lowered to place in 


the bottom of the larger test tube and the top is drawn down and sealed 
to a bit of wide quill tube, as shown in Fig. 2. 
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The condenser is made from a;length of “two-inch”’ tube, corks being 
used at both ends. Sealing wax does well for all the joints of these corks 
except the lower inner one, where the heat from the condensing mercury 
would soften the wax. It was found best to leave this cork rather loose 
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on the inner tube and then to calk the joint with thin strips of ordinary 
electrical insulation tape pushed in with the thin blade of a small pen- 
knife. If this lower joint does not prove to be quite tight, a little mercury 
may be put into the condenser toa depth of about 1 cm. This is sufficient 
to prevent any leakage of the cooling water. 

Tubes for the entrance and exit of water are as shown in Fig. 2. 

Next, a tee () is attached to the upper quill tube and a support put 
down on top of the dome, to prevent it rising during the action of the 
pump. This piece, shown in Fig. 1, g, is made by drawing down to a 
thin solid rod a bit of thick walled quill tube. 

Mercury is used sufficient to cover the base of the chimney to a depth 
of 3 or 4 mm. 

A hole is cut in the middle of a square of stout asbestos board so as to 
allow the pump to project below to the level of the bottom of the chimney 
and the bare flame of a small Mecker or Bunsen burner is allowed to 
play directly on the glass (after warming up of course). Care must be 
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taken that the pump does not project so that the flame touches glass not 
covered with mercury. 


These pumps are easily made and work very well with a Fleuss pump 
for the fore-vacuum. 


PHYSICAL LABORATORY, 
QUEENS UNIVERSITY, 
KINGSTON, ONT., July 15, 1917. 
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THE K SERIES OF THE X-RAY SPECTRUM OF GALLIUM. 


‘By H. S. UnLER AND C. D. Cooksey. 


1. Introduction.—The tables of wave-lengths of high frequency spectra 
contain no data for gallium, doubtless because this element is rare and 
usually very difficult to obtain. Since we had a sufficiently large amount 
of the metal at our disposal it seemed desirable to investigate its char- 
acteristic radiations and thus supply the missing data. As the experi- 
mental work progressed, the difficulties and sources of error inherent in 
the usual method became so prominent as to cause the senior author to 
make.an analytical study of the general problem of determining glancing 
angles, and both of us to subject the old method and a new one to very 
thorough practical tests. 

2. Apparatus and Adjustments——The spectrograph consisted of a 
Hilger, type No. 2, spectrometer remodeled to meet the special require- 
ments of the problem. The collimator was replaced by two slits, 
the one nearer the X-ray bulb being rigidly fastened to the original 
apparatus, while the slit nearer the crystal could be slid along ways 
and thus placed at different distances from the fixed slit. The distance 
between the centers of the slits was usually 10.5 cm., and that between 
the axis of rotation of the crystal table and the more remote slit was 
13.9 cm. The jaws of both slits were made of lead 2.3 mm. thick, 
their opposing edges were carefully lapped plane and parallel, and they 
were so mounted as to open symmetrically and remain parallel to the 
axis of rotation. The frame diaphragmed the length of the fixed slit 
down to 3.25 mm. The original prism table was replaced by a triaxial 
crystal holder transferred from a goniometer. The telescope was super- 
seded by a pair of parallel steel guides lying in a plane perpendicular to 
the fundamental axis. The rack for the plate-holder could be slid along 
this track, thus enabling the observer to vary at will the distance from 
the photographic plate to the chief axis. The vernier and tamgent-screw 
associated with the telescope arm greatly facilitated the adjustment of 
the track parallel to the collimating axis, that is, to the line passing 
through the centers of the slits and intersecting the axis of rotation at right 
angles. In other words, the plate could be translated along the collimat- 
ing axis. The plate-holder was removable, its incidence or front face 
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was covered with black paper (of the kind in which dry plates ordinarily 
come wrapped), and it accommodated plates 2 in. wide and Io in. long. 

The X-ray bulbs were very skilfully made by Mr. A. Greiner, vice- 
president of the Green and Bauer Company, Hartford, Conn. The 
anode target was water-cooled and its copper-tungsten surface was 
covered with a thin sheet of nickel to which the pure gallium, when 
liquefied in warm water, readily adhered. The tube was clamped in 
such a position as to cause the anticathode surface (which was inclined 
at 45° to the long axis of the tube) to be vertical and nearly edge-on 
to the collimating axis. 

A very important item in the final assembling of the bulb consisted 
in the thin aluminium window (of thickness 0.012 mm.), through which 
the primary radiations passed with but slightly diminished intensity. 
To enable this foil to withstand the excess in pressure of the atmosphere 
over the low pressure inside the bulb, it was waxed over a small slot 
cut in a brass collar which covered the end of a lateral tube having the 
following approximate dimensions: length 5.5 cm., diameter 3 cm. 
The vertical and horizontal edges of the slot measured 3 mm. and 0.5 
mm., respectively. 

The pressure within the bulb was maintained at the best value by 
means of two mercury diffusion pumps in tandem. These pumps and 
their accessories were designed, made, and loaned to us by Professor 
B. B. Boltwood. The bulb was excited by an “Ideal Interrupterless”’ 
X-ray current generator purchased from the Kny-Scheerer Co. The 
alternative spark gap was usually set at 4 in., occasionally at 3 or 5 in. 
The current through the bulb averaged 5 milliamperes. Especial care 
was taken to line up the spectrograph both in altitude and azimuth so 
as to cause the collimating axis to coincide with the line passing through 
the center of the aluminium window and that of the focal spot. All 
final adjustments were based on photographic data. 

3. Methods and Measurements.—(i) The ‘‘old’’ method consisted in 
keeping the plate-holder at a constant distance from the axis of rotation 
of the crystal while taking exposures both on the right and on the left 
of the direct or central image. This length was so chosen as to make the 
distance from the axis of rotation to the latent image equal to that from 
the axis to the center of the fixed slit. This slit was usually so narrow 
(0.02 mm.) that small, but arbitrarily made, changes in the position of 
the plate-holder seemed to exert an inappreciable influence on the width 
of the photographic lines. 

In order to subject the old method to as fair a test as possible special 
attention was given to the determination of the length of the normal 
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dropped from the axis of rotation O to the plane of the gelatin MN. A 
rectangular steel template ABCD had one edge AD lapped plane so 
as to make good contact with the gelatin side of the developed plate. 
(The frame of the paper screen was removable.) This edge was longer 
than the distance between the extreme right and left spectral lines in 
the first order. (The plates were always clamped flat both in the plate- 
holder and on the comparator, since the glass usually had very noticeable 
curvature.) A fine fiducial line ZL was scratched on a piece of white 
celluloid which was inlaid flush with the upper surface of the steel at the 
side opposite to the straight edge. The reference line and edge were 
parallel, and their constant distance apart was measured on the same 
comparator as the spectrograms. To this distance must be added the 
length of the perpendicular between the fiducial line and the axis of 
rotation. This changeable length was measured by the aid of an 
auxiliary comparator having a travelling M 

microscope with parallel lines in the focal 
plane of the eye-piece. The pitchof the |A B 
screw of the latter comparator was cali- 
brated in terms of that of the larger 





one first mentioned. The scale reading of 
corresponding ‘to the axis of rotation Ll Li o| 
was found by making successive settings 1 


on a second fiducial line L’ when in the 
two possible positions (1, 1’) parallel to 
the reference line on the steel template, 
that is, when the spectrometer table was N 
turned through 180°. The fiducial line 

near the axis was marked in a bit of 

celluloid which was mounted on a special tripod replacing the crystal 
holder. To avoid gross errors several such lines were scratched on the 











Fig, 1. 


white surface and different lines were used in successive measurements 
of the same length. All of the linear quantities could be determined to 
an unnecessarily high degree of accuracy (0.001 mm.). 

The crystals were adjusted, by the aid of a compound microscope, 
so that their front surfaces coincided as nearly as possible with the axis 
of rotation. These adjustments did not, of course, entirely eliminate the 
two fatal errors inherent in the present method: (a) the mean “ reflecting”’ 
plane of the space grating does not coincide exactly with the outer surface 
of the crystal, and () the photographic plate does not return to precisely 
the same distance from the axis when removed from the plate-holder 
(for development or distance tests) and then returned to the same. 
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(ii) The new method consisted in taking two exposures (right and 
left) with the plate near the crystal and two more with the plate remote 
from the grating, the slits having equal widths. An accurate steel parallel 
with a suitable back-stop left no doubt concerning how far the plate had 
been translated along the collimating axis. By taking a short exposure 
for the lower half of the central image before putting the crystal tripod 
in place—the plate-holder being in one extreme position—and by making 
a like exposure for the upper half of the direct image after the character- 
istic radiations had been impressed and the crystal table removed—the 
plate-holder now occupying the other extreme position—a criterion for 
the adjustment of the plate-holder guides was obtained at once. A com- 
parison of the distance apart of the two images of a given spectral line 
on the left with the homologous distance on the right indicated whether 
the plane of the plate-holder was normal to the direction of translation. 
The small errors in adjustment and construction of the apparatus were 
subjected to computation and found to be negligible, since the corrections 
never exceeded 0.2”. 

It may not be inappropriate, at this juncture, to lay emphasis on some 
of the points of advantage of this method: (a) it is independent of the 
position of the mean “‘reflecting’’ plane of the crystal with respect to 
the axis of rotation, (b) it involves no uncertainty as to’the amount of 
displacement of the plate, since the plate is constrained to move the 
same distance as its holder, (c) the numerator of the ratio for the tangent 
of twice the glancing angle is equal to the linear displacement of the 
spectral image of the same wave-length on the same side of the central 
image, hence by measuring the distance between homologous parts of 
the two images (on the same side) errors due to asymmetry in the dis- 
tribution of radiation over the breadth of the image as well as to the 
depth of the silver grains in the gelatin are minimized, (d) the steel 
parallel or etalon can be measured on the same comparator as the plate, 
thus avoiding relative calibration of the pitches of different screws, (e) 
errors of adjustment and construction of the spectrograph can be readily 
determined and the corresponding corrections easily applied, ( f ) within 
certain limits, it does not matter where the back-stop is placed, in other 
words, the interval of displacement of the plate-holder may be at any 
reasonable but unknown distance from the crystal, and (g) within the 
same limits, the ‘“‘focusing’’ is independent of the wave-length. It may 
also be added that we found the new method to be much easier and less 
time-consuming than the fixed-plate process. The chief disadvantage 
lies in the fact that the displacement of a given line (3.3 + cm.) is much 
less than the distance (12.0 + cm.) between the right and left images in 
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the “old” method. This limitation can be removed by making the 
apparatus large enough. Since the exposure times for the comparatively 
soft radiations of gallium were usually 5 or 7 minutes, and never exceeded 
15 minutes for the weak K{; line, the method should not require exces- 
sively long exposures for any of the radiations which do not necessitate 
the use of a vacuum spectrograph for their investigation. 

4. Experimental Results —The numerical data are given in full in 
Table I. The upper and lower sections of the table refer respectively 
to calcite and rock salt. The second, fifth, and sixth columns taken 
together indicate that the experimental conditions were varied as much 














TABLE I. 
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as possible. Two calcite crystals and one rock salt crystal were used, 
and each one was removed from the holder and readjusted at least 
twice. The (100) cleavage faces were used in all cases. The former 
material gave perfect definition, but the latter produced slight irregu- 
larities in the images. Since the problem which we had set for ourselves 
was to determine the glancing angles with respect to calcite, we con- 
sidered the very accurate determination of the ratio of the grating space 
of calcite to that of rock salt to be an entirely independent question. 
In other words, the rock salt was employed because a sufficiently satis- 
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factory reduction factor, if present in the literature of the subject, has 
escaped our notice, and it was desirable to obtain wave-lengths on the 
same basis as the tables of Siegbahn and others. 

The symbols 7,,, Ya, and yg, denote the glancing angles of the a, 
a, and £; lines of the K series of gallium, in the order named. The 
relative intensities of the a:, az, and #; lines are roughly proportional to 
5, 4, and 2, respectively. The subscripts in the last three columns are 
the weights assigned to the associated angles in forming the general 
mean values. The weights for the rock salt data are quite independent 
of the indices of relative importance for calcite. The Kf, line must be 
very weak for gallium since we were unable to differentiate it (with 
short and long exposures) from the continuous background or ‘white 
radiation.’””’ This weakness of the Kf, line seems to be fairly general 
since the corresponding wave-length is lacking for 24 irregularly dis- 
tributed elements in Siegbahn’s table of the K series. In this connection 
it may not be superfluous to call attention to the fact that with long 
exposures, narrow slits, and faint lines it is absolutely necessary to rotate 
the crystal, for we found it quite easy to arbitrarily produce spurious 
fine lines from the white radiation by keeping the space grating in a 
fixed position. 

The data in Table I. lead to the following weighted mean values for 
the glancing angles of gallium: 


Ya = 12° 47’ ro + 2” 
Calcite + y., = 12° 45’ 5” + 2” 
Ys, = 11° 28’ 30” + 2” 
Ye, = 13° 47’ 28” 
Rock salt + y., = 13° 45’ 4” 
Yp, = 12° 22’ 32” 
Assuming the grating space of rock salt to be 2.814 X 10-* cm. (E. 
Wagner) and weighting the preceding data we find the grating space of 
calcite to be 3.0307 K 10-®cm.! From the 15 values of the wave-length 


of each of the @ lines, and from the 11 determinations of that of the 
line, the unweighted mean wave-lengths are found to be 


Aa. = (1.34161 + 0.00004) X 10-8 cm., 
Aa, = (1.33785 + 0.00004) X 107° cm., 
Ag, = (1.20591 + 0.00006) X 10-* cm. 


1 While writing the present paper the July number of the PHysIcAL REVIEW was received. 
On page 95 we notice that F. C. Blake and William Duane take 3.027 X 1078 cm. for calcite. 
The two values differ by 0.12 per cent., which seems quite satisfactory under the circum- 
stances given in the above text. The value based on Millikan’s datum for e is (3.030 + 
0.001) X 107-8 cm., with which our value agrees absolutely. 
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As we are not aware of any reason why our data should be influenced 
by greater systematic errors than those given by other investigators, and 
since the wave-lengths heretofore published are usually carried out to three 
decimal places, but never to more than four (and even then for wave- 
lengths less than one angstrom), it seems just to conclude that the 
relative values of the three wave-lengths printed above are accurate to 
one or two more decimal places than have been previously attained. 
Be this as it may, the appreciably greater concordance of the seconds of 
arc obtained for the a; and ay calcite glancing angles (8; does not show 
enough contrast with the background to justify comparison) by the 
“‘method of displacement”’ as compared with the old method favors 
the opinion that imperfections in the space gratings will constitute the 
chief factor which will ultimately limit the precision of the determination 
of relative wave-lengths. 

By applying the method of least squares to the calculation of the 
parameters of Moseley’s linear law and interpolating for gallium (NV = 31) 
the wave-lengths of the ae, a1, 6:1, and # lines are found to be 1.341 A, 
1.337 A., 1.205 A., and 1.191 A., respectively. The data used in the 
computations were taken from one of Siegbahn’s tables (based on the same 
grating space for rock salt), four elements above and below gallium being 
involved. As presupposed, this rare element falls in line perfectly with 
the other chemical elements and the laws discovered by Moseley. The 
agreement between our experimental wave-lengths and the predicted 
values is much closer than was expected, for the reason that the numbers 
from which the latter were calculated are decidedly irregular. The 
mutual inconsistencies of the borrowed data are shown by Table II., 


TABLE II. 
El, as, a). Bi. 

WR is rerewure —2' 41” | —3' 6” — 3’ 30” 
BN: dsteotacms od — 0’ 43” — 0 52” —0 8” 
ere +1’ 17” | +1’ 20” +1’ 20” 
See | +0! 45” | +0’ 56” +1’ 15” 
ae (+ 0’ 20”) | (+ 0’ 46”) 1 (+ 0’ 36”) 
___ Oerenper + 3’ 31” | + 3’ 51” | + 2’ 52” 
Dnt aad teen ae — 2’ 18” — 1’ 56” | — 1’ 59” 
ee +1’ 16” | +1" 2" +1’ 30” 

| | — 1! 44” 


Se |} 1" 31” } = 1" 45” 


which gives the differences in the glancing angles obtained by subtracting 
the least square from the tabulated values. The range of elements 
involved is too small and the differences are too unsystematic to admit 
of the alternative inference that the linear law is at fault. 
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Again, in the vicinity of the atomic number 31, the published data 
satisfy the equation vz., = vxg, — VKe, + 0.0064, which is Kossel’s 
formula with a correction term added. Substitution of our data in this 
relation leads to the value 11.340 A. for the wave-length of the a; line 
of the L series of gallium. Interpolation with the linear law for the 
square root of the frequency gives Az,, = 11.353 A. The agreement 
between the numbers calculated: by the two independent methods may 
be considered very satisfactory at the present time. 

In conclusion the authors desire to express their deep appreciation of 
the assistance and counsel, with respect to pumps and vacuum difficulties, 
so gladly given by Professor B. B. Boltwood. It may also be mentioned 
that we have completed the working drawings for a large X-ray spectro- 
graph with which apparatus we hope to attack a number of important 
problems depending in some cases on the highest attainable accuracy. 


SUMMARY. 


1. The glancing angles, with respect to calcite, of the K lines of gallium 
have been accurately determined. 

2. A new method for measuring glancing angles has been devised, 
tested, and found superior to the older one. 

3. A preliminary value for the grating space of calcite on the basis of 
2.814 X 10-* cm. for rock salt has been obtained experimentally. 


SLOANE PHYSICAL LABORATORY, 
YALE UNIVERSITY, 
July 28, 1917. 
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A DETERMINATION OF THE DENSITY OF HELIUM BY 
MEANS OF A QUARTZ MICRO-BALANCE. 


By T. S. TAYLOR. 


INTRODUCTION. 


HE present investigation was undertaken for the purpose of deter- 
mining the density of helium more accurately than had been 
done previously by the use of a quartz micro-balance after the type which 
was first described by Steele and Grant! and later used by Gray and 
Ramsay’ in their determination of the density of radium emanation. 
Some time after the present investigation was begun Aston* described a 
simple form of a micro-balance for comparing the densities of small 
quantities of gases with considerable accuracy. 

Several balances were constructed similar to the ones used by Steele 
and Grant* and by Gray and Ramsay® and it was found that these 
balances having knife edge and plane supports failed to have an entirely 
reliable zero position of equilibrium under similar conditions. It was 
therefore decided to try a balance of the Nernst type and the one herein 
described and used was found to be entirely reliable and satisfactory for 
accurate comparison of the densities of gases. 


APPARATUS AND METHOD. 


The balance consisted essentially of two parts: a framework of small 
quartz rods having a bulb and counterpoise, and a large quartz rod bent 
up in the shape of a flattened U between the legs of which the framework 
was suspended by quartz fibers. A sketch of the balance is shown in 
Fig. I. 

The framework, which constituted the main part of the balance, was 
made in the shape of a flattened rhomboid of small quartz rods about 
three fourths of a millimeter in diameter. A hollow bulb H about one 
centimeter in diameter was attached at one end of the longer diagonal of 
this framework, and a solid mass of quartz J was attached at the 


1 Proc. Roy. Soc., 1909 A, Vol. 82, p. 580. 
2 Proc. Roy. Soc., 1910 A, Vol. 84, p. 536. 
3 Proc. Roy. Soc., 1913 A, Vol. 89, p. 439. 
4 Loc. cit. 
SLoc cit. 
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opposite end of the same diagonal as a counterpoise. Such a framework 
is readily made by placing the quartz rods, bulb, and counterpoise in a 
form of the desired dimensions previously cut in a flat slab of graphite 
and then fusing the rods together by means of the oxy-gas flame. The 
entire mass of framework including the bulb and counterpoise was 
slightly under one gram. From the ends of the rod LN, which was 


L 

















Fig. 1. 


perpendicular to the plane of the framework at its mid point, fine quartz 
fibers were drawn out and being stretched taut their ends were fused at 
F and E to the legs of the flattened U made of a heavy quartz rod. 
Thus the framework upon which the bulb H and the counterpoise J 
were attached was supported by the quartz fibers FL and NE with its 
plane of figure vertical and at right angles to the line joining F and E. 

The balance was adjusted so that its center of gravity was very slightly 
below the line LN. This is readily done by adding small quantities of 
quartz to the ends of the rods X, Z or those attached to Jand H. The 
final adjustment is obtained by holding the desired end of a rod for a 
few seconds in the oxy-gas flame, thus volatilizing a very small quantity 
of quartz. Quartz rods were fused at right angles to the mid point of 
the support rod and to these were attached the forked supports near 
I and H, as shown in Fig. 1. These supports prevented the balance 
from producing too great a torsion on the supporting fibers when a 
considerable difference in the buoyancy upon counterpoise and bulb 
existed, and also permitted the balance to move but slightly from 
what might be called the equilibrium position. The equilibrium position 
is that for which the line drawn through the center of the bulb H and 
the counterpoise J is horizontal. 

The case in which the balance was placed was a bronze casting having 
its internal cavity in the form of a cross, the same as that of the balance 
and of such size as to allow the balance to be slipped readily into it. 
The case being made in this shape made it possible to use a relatively 
small volume of gas. It was so constructed that it could be evacuated 
or withstand considerable internal pressure and remain gas tight. 
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The balance was adjusted in the manner mentioned above, so that 
when it was placed in air at a pressure of about one sixth of an atmosphere, 
it was in equilibrium position. This position could be observed by 
looking through a window in the case at the small tip of quartz below the 
counterpoise J. This was done by means of a low-power micrometer 
microscope. The reading of the microscope which corresponded to 
equilibrium position was 26.00. The balance thus adjusted was cleaned 
by boiling in nitric acid and washing in distilled water. It was thoroughly 
dried in an oven and placed in the case. The case was then made tight 
by waxing and screwing down its cover. 

In order to determine the density of helium in terms of oxygen, say, 
it was only necessary to measure the pressures required to keep the 
balance in equilibrium position when the case contained oxygen and 
helium respectively provided the temperature was the same in both 
cases. Their densities are to each other inversely as the corresponding 
equilibrium pressures. It was not possible to adjust the pressure of the 
gas in the balance case so as to bring the pointer below J (Fig. 1) to the 
zero position which was 26.00, as indicated by the microscope, but the 
observed pressure could be reduced to equilibrium pressure from the 
sensibility and the number of scale divisions the pointer deviated from 
the zero position. The density of helium was determined in terms of 
both oxygen and hydrogen. By the use of these gases the accuracy of 
the results obtained could be checked up, as their densities are well 
known. The sensibility of the balance was determined very carefully 
and it was found that a displacement of one scale division from the zero 
position corresponded to a change of one two hundred and seventy-fifth 
of one per cent. of the pressure required to keep the balance at the 
equilibrium position. If the temperatures of the gases were not the 
same when the pressures were measured, the observations could be 
reduced to the same temperature, say 0° C., by using the pressure coeffi- 
cients for the respective gases. This assumes that the volume of the 
bulb H (Fig. 1) remained constant for slight changes in temperature 
and for considerable differences in pressure. This assumption is without 
doubt justified since the coefficient of expansion of quartz is so very 
small and since the walls of the bulb were sufficiently thick as to be un- 
affected by even very great pressures. 

This investigation was carried out in a constant temperature room 
which had a large heat capacity and hence its temperature was not 
affected by small changes. For instance, it was found that one could 
go into the room, take a set of observations requiring two or three minutes, 
and not change the temperature to such an extent but that it would 
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have come to an equilibrium temperature within an hour after leaving 
the room. This greatly facilitated carrying on the experiment. A 
large number of observations of the constancy of the room temperature 
showed that the temperature did not change more than two tenths of a 
degree during the course of a day even when the variation in the outside 
temperature was quite pronounced. 

The method of introducing the gas into the balance case and of deter- 
mining the pressure of the same can be seen by referring to Fig. 2. The 
balance case was joined to the system shown in this figure at M. The 
entire system shown in Fig. 2 including the balance case was evacuated. 
The charcoal bulb E was sealed off at the constriction just above the 
stopcock. When working with hydrogen and helium the liquid air was 
left on the bulb N. The gas in the container D was admitted and forced 
over into the balance case by means of the transfer pump B. After 
sufficient gas had been admitted the mercury was raised so as to come up 


f * 



































Fig. 2. 


in the cut-off U. The exact pressure to bring up the bulb to the equilib- 
rium position was obtained by changing the reservoir H which was so 
arranged as to be moved through very small distances or considerable 
ones as desired thus changing the volume occupied by the gas in L. 

The pressure exerted by the gas in the balance case was determined 
from the observations of the level of the mercury in the vessels L, H 
and F by means of a cathetometer. The vessel F together with the 
capillary tube attached constituted a special barometer having as its 
mercury reservoir the mercury in LZ to which it was attached by means 
of a flexible rubber tube as shown in the figure. This barometer could 
be raised or lowered at will and thus allow the mercury in F to be kept 
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at the same relative position. The pressure of the gas was then obtained 
in two ways: First from the levels of the mercury in F and L and second 
from the difference in the mercury levels in Z and H together with the 
reading of a separate barometer. The glass vessels F, L and H were 
sufficiently large so that the effect of surface tension on the level of the 
mercury was entirely negligible. After having finished an experiment 
with any one gas it could be pumped out of the system by means of the 
transfer pump and collected in a reservoir such as X. The tubes A 
and V of Fig. 2 contained P.O;. 


PREPARATION AND PURIFICATION OF THE GASES. 


Helium.—The helium was separated by Professor Boltwood from 
thorianite obtained from the Galle Province, Ceylon. It was purified 
in the apparatus shown in Fig. 3. The system being carefully evacuated 
the helium was introduced from a container such as D. The tube M 
contained fused calcium chloride. A was made of hard glass containing 
copper and copper oxide and was enclosed in an electric furnace. The 
tubes L, H and F contained P,O;. A charcoal trap N immersed in 
liquid air was inserted as shown. The transfer pump T was used to 
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Fig. 3. 
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circulate the gas through the system. The gas when purified was 
collected in the container E. By repeatedly circulating the helium 
through this system the impurities would be taken out by the heated 
copper, copper oxide, the drying substances and the charcoal. After 
circulating the gas for some time it was all collected in the container E 
and that absorbed in N was pumped out of the system through P after 
heating N. After reévacuating with liquid air and charcoal joined at 
P the gas in E was circulated again. By several repetitions of this 
process the helium was thoroughly purified. This was observed by 
noting the nature of the spectrum in the discharge tubes V. 
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Hydrogen.—The hydrogen was also purified by the apparatus shown 
in Fig. 3. It was generated in the cell X between nickel electrodes by 
the electrolysis of a fifteen per cent. solution of sodium hydroxide. 
After passing slowly through the system it was collected in a container E. 
The tube A in the electric furnace contained only copper in this case. 

Oxygen.—This was also produced by the electrolysis of the same 
solution as the hydrogen and was purified by the same method except 
that the tube A contained only copper oxide and the charcoal trap N 
was omitted in the system shown in Fig. 3. 


RESULTS. 

A series of observations which weré obtained when the balance case 
contained oxygen is given in Table I. The first column contains the 
values of the pressures, corrected for temperature, required to keep 
the balance in equilibrium. The temperatures of the room corresponding 
to the pressures given in column I are recorded in column 2. This 
temperature was determined by two thermometers one graduated in 
tenths of a degree and the other in fifths of a degree. Smaller fractions 
of a degree could be estimated. These two thermometers were compared 
with a standard Reichsanstalt thermometer and the temperature readings 
corrected accordingly. Column 3 gives the reading of the pointer 
below J (Fig. 1) as measured by the micrometer microscope. The last 


TABLE I. 
Observed Pressure. Temperature. Position of Pointer. | Reduced Equilibrium 
Pressure. 
IGS esascvdsdier ars aiores 19.24 26.05 101.91 
EC Ee 19.30 25.91 101.89 
ere eee 19.30 26.12 101.82 
ee 19.32 26.30 101.86 
109.08 . ese ccscescces| = 19.34 25.87 _ = 101.91 





column gives the pressures that would be required to keep the balance 
in equilibrium position (the pointer at 26.00) if the temperature were 0° C. 
The reduced equilibrium pressures are calculated from the relation 


- [ z.. _| __100 
Po = Pr I+ at x ; 

100 + —— 

275 
where a is the average pressure coefficient over the range of temperature 
and pressures respectively, and the last part in brackets is the correction 
term to reduce the pressure for the reading in question to the equilibrium 
position of pointer. The values of a for the three gases used are: oxygen 
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0.0036652, hydrogen 0.0036621 and helium 0.0036626. The factor x 
in the last term is the number of divisions of the microscope reading 
above or below 26.00. It is positive when the reading is greater than 
26.00 and negative when less. The factor 1/275 is the sensibility as 
defined above. As can be seen from the reduced values, the equilibrium 
is remarkably good. 

Similar sets of observations consisting of from 3 to 5 measurements 
were obtained for each of the gases, oxygen, helium, and hydrogen, 
and the pressures for equilibrium at o° C. calculated in each case as 
above. ‘The results are all recorded in Table II. 





TABLE II. 

Oxygen. Hydrogen. Helium. 
101.91 1620.2 815.54 
101.89 1620.0 815.70 
101.82 1619.5 815.58 
101.86 1619.7 | 815.83 
101.91 1620.5 815.77 
101.89 1620.1 | 814.45 
101.84 1619.6 815.68 
101.96 1619.5 815.65 
101.86 1619.2 815.49 
101.90 1619.9 815.61 
101.86 1619.82 + 0.083 815.57 
101.84 815.65 
101.88 815.618 + 0.0243 
101.84 
101.93 | 





101.83 | 
101.878 + 0.0067. | 


The column headed oxygen represents results from four separate experi- 
ments, the hydrogen column two and the helium three. After each set 
of observations such as the one given in Table I. for oxygen, the gas 
was removed, the vessel reévacuated and a different gas let in. 

From the mean values of the reduced pressures given in Table II. the 
value of the density of helium was calculated with respect to both oxygen 
and hydrogen. Taking the density of oxygen = 1.42900 + 0.000034 
the calculated density of helium = 0.17850 + 0.000015 and taking the 
density of hydrogen = 0.089873 + 0.0000027 the calculated density of 
helium = 0.17848 + 0.000012. 

By use of the relation which states that the molecular weights of 
gases are to each other as their ideal densities 


M, = d(i — a) 
M2 a d2(1 —_ 2) ’ 
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it is possible to calculate the molecular weight of helium in terms of 
oxygen, it being taken as 32.00. In the relation M, d, and a refer to the 
molecular weight, density, and compressibility coefficient of the gas 
respectively. The values of (1 — a) for the gases are as follows: Oxy- 
gen 0.99903, hydrogen 1.00077 and helium 1.00000. Substituting the 
values in this expression the molecular weight of helium is found to be 
4.0008 + 0.0005. This value is in good agreement with that found by 
Heuse,' who gives the molecular weight of helium = 4.002. His calcula- 
tion was made in the same manner from his determinations of the density 
of helium by direct weighing. His value of the density of helium is 
0.17856 + 0.00008, which is practically the same as the one found in 
the present experiments. 
SUMMARY. 

1. The density of helium has been determined by the use of a quartz 
micro-balance with reference to both hydrogen and oxygen and the 
values found are 0.17848 + 0.000012 and 0.17850 + 0.000015 respec- 
tively. 

2. The molecular weight of helium has been calculated in terms of 
oxygen as 32 and found to be 4.0008 + 0.0005. 

In conclusion I wish to express my indebtedness to Professor Boltwood, 
who furnished the raw helium, and to Professor Bumstead, as director 
of the laboratory, for the facilities for carrying on the investigation. 


SLOANE Puysics LABORATORY, 
YALE UNIVERSITY, 
June 15, 1917. 


1 Ber. d. D. phys. Ges., 15, 518, 1913. 
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A NEW METHOD OF X-RAY CRYSTAL ANALYSIS.! 
By A. W. HULL. 


HE beautiful methods of crystal analysis that have been developed 

by Laue and the Braggs are applicable only to individual crystals 

of appreciable size, reasonably free from twinning and distortion, and 

sufficiently developed to allow the determination of the direction of their 

axes. For the majority of substances, especially the elementary ones, 

such crystals cannot be found in nature or in ordinary technical products, 
and their growth is difficult and time-consuming. 

The method described below is*a modification of the Bragg method, 
and is applicable to all crystalline substances. The quantity of material 
required is preferably .005 c.c., but one tenth of this amount is sufficient. 
Extreme purity of material is not re- 
quired, and a large admixture of (un- 
combined) foreign material, twenty or 
even fifty per cent., is allowable pro- 
vided it is amorphous or of known 
crystalline structure. 














OUTLINE OF METHOD. 

The method consists in sending a 
narrow beam of monochromatic X- 
rays (Fig. 2) through a disordered 
mass of small crystals of the substance aR 
to be investigated, and photograph- LH ae 





ing the diffraction pattern produced. me 
Disorder, as regards orientation of the : 
small crystals, is essential. It is at- Fig. 2. 


tained by reducing the substance to 
as finely divided form as practicable, placing it in a thin-walled tube of 
glass or other amorphous material, and keeping it in continuous rotation 
during the exposure.” If the particles are too large, or are needle-shaped 
1A brief description of this method was given before the American Physical Society in 
October, 1916, and published in this journal for January, 1917. 
2If the powder is fine, rotation is not necessary unless great precision is desired. 
With crystal grains .or cm. in diameter, or less, the pattern generally appears quite uniform 
without rotation. 
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or lamellar, so that they tend to assume a definite orientation, they are 
frequently stirred. In this way it is assured that the average orientation 
of the little crystals during the long exposure is a random one. At any 
given instant there will be a certain number of crystals whose 100 planes 
make the proper angle with the X-ray beam to reflect the particular 
wave-length used, a certain number of others whose 111 planes are at 
the angle appropriate for reflection by these planes, and so for every 
possible plane that belongs to the crystal system represented. Each of 
these little groups will contain the same number of little crystals, pro- 
vided the distribution is truly random, and the total number of crystal!s 
sufficiently large. This condition is very nearly realized in the case 
of fine powders, and may, by sufficient rotation and stirring, always be 
realized for the average orientation during the whole exposure; that is, 
there will be, on the average, as many cubic centimeters of crystals re- 
flecting from their 100 planes as there are cubic centimeters reflecting 
from III, 210, or any other plane. This is true for every possible plane 
in the crystal. 

The diffraction pattern should contain, therefore, reflections from every 
possible plane in the crystal, or as many of these as fall within the limits 
of the photographic plate. Fig. 1, Plate 1, shows the pattern given by 
aluminium when illuminated by a small circular beam of nearly mono- 
chromatic rays from a molybdenum tube. The exposure was nine hours, 
with 37 milliamperes at 30,000 volts, and crystal powder 15 cm. from the 
target and 5.9cm. from photographic plate. The faintness of the vertical 
portions of the circles is due to the cylindrical form in which the powder 
was mounted, causing greater absorption of rays scattered in the vertical 
plane. Patternscontaining many morelines are shown in Figs. 6-10, where 
the diaphragm limiting the beam was a slit instead of a circular aperture, 
and the pattern was received on a photographic film bent in the arc of 
a circle. 

The number of possible planes in any crystal system is infinite. Hence 
if equal reflecting opportunity meant equal reflected energy, it would 
follow that the energy reflected by each system of planes must be an 
infinitesimal fraction of the primary beam, and hence could produce no 
individual photographic effect. } It is easily seen, however, that only those 
planes whose distance apart is greater than 4/2, where \ is the wave-length 
of the incident rays, can reflect any energy at all. Planes whose distance 
apart is less than this cannot have, in any direction, except that of the 
incident beam, equality of phase of the wavelets diffracted by electrons 
in consecutive planes. Hence the resultant amplitude associated with 

any such plane is very small, and would be identically zero for a perfect 
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lattice and sufficiently large number of planes. The total scattered 
energy is therefore divided among a finite number of planes, each of 
which produces upon the photographic plate a linear image of the source 
(cf. Fig. 1). The total possible number of these lines depends upon 
the crystal structure and the wave-length. For diamond, with the 
wave-length of the K, doublet of molybdenum, \ = 0.712, the total 
number of lines is 27. All of these are present in the photograph shown 
in Fig. 12. For the rhodium doublet, \ = 0.617, the total number is 30; 
for the tungsten doublet, \ = 0.212, it is more than 100; while the iron 
doublet, \ = 1.93, can be reflected by only three sets of diamond planes, 
the octahedral (111), rhombic dodecahedral (110), and the trapezohedral 
(311). The diffraction pattern in this case would consist, therefore, of 
but three lines. 

The positions of these lines, in terms of their angular deviation from 
the central beam, are completely determined by the spacing of the 
corresponding planes, according to the classic equation m\ = 2d sin @, 
where @ is the angle between the incident ray and the plane, hence 20 
is the angular deviation, d the distance between consecutive planes, 
d the wave-length of the incident rays, and n the order of the reflection. 
The calculation of these positions is discussed in detail below. 

The relative intensity of the lines, when corrected for temperature, 
angle, and the number of coéperating planes, depends only upon the 
space distribution of the electrons of which the atoms are composed. 
Most of these electrons are so strongly bound to their atoms that their 
positions can probably be completely specified by the positions of the 
atomic nuclei and the characteristic structure of the atom. Experi- 
ments are in progress to determine such a structure for some of the 
simpler atoms. A few of the electrons, however, are so influenced by 
the proximity of other atoms, that their position will depend much on 
the crystal structure and state of combination of the substance. There 
is also good reason to believe that certain electrons are really free, in 
that they belong to no atom, but occupy definite spaces in the lattice, 
as though they were atoms. 

With elements of high atomic weight, where each atom contains a 
large number of electrons, the majority of these electrons must be quite 
close to the nucleus, so that the intensity of the lines will depend primarily 
upon the position of the nuclei relative to their planes, and only slightly 
upon the characteristic structure of the atom and the position of valence 
and free electrons. With these substances, therefore, the relative inten- 
sity of the lines gives direct evidence regarding the positions of the atoms, 
and may be used, in the manner described by the Braggs,! for the deter- 
1 X-Rays and Crystal Structure, pp. 120 ff. 
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mination of crystal structure. The powder photographs have an ad- 
vantage, in this respect, over ionization-chamber measurements, in that 
the intensities of reflection from different planes, as well as different 
orders, are directly comparable, which is not true of ionization-chamber 
measurements unless the crystal is very large and may be ground for 
each plane. 

In the case of light substances, on the other hand, the intensities depend 
very much on the internal structure of the atoms, and unless this structure 
is known or postulated, but little weight should be given to intensity in 
determining the crystal structure. Much evidence for the structure 
of these elements may be obtained, however, from the observation of 
the position of a large number of lines, and this evidence will generally 
be found sufficient. The examples given at the end of this paper are 
all elements of low atomic weight, and the analysis given is based entirely 
on the position of the lines. The photographs used for the analysis 
are preliminary ones, taken with very crude experimental arrangements, 
and yet in every case except one the evidence is sufficient. 

The method of measuring and interpreting intensity will form the 
subject of a future paper. 


EXPERIMENTAL ARRANGEMENT. 


The arrangement of apparatus is shown in Fig. 2. The X-ray tube 
is completely enclosed in a very tightly built lead box. If a tungsten 
target is to be used this box should be of 44 inch lead, with an extra 14 
inch on the side facing the photographic plate. If a rhodium or molyb- 
denum target is used 14 inch on the side toward the photographic plate, 
and 1/16 inch for the rest of the box, is sufficient. The rays pass through 
the filter F and slits S; and S2, and fall upon the crystal substance C, 
by which they are diffracted to points ;, 2, etc., on the photographic 
plate P. The direct beam is stopped by a narrow lead strip H, of such 
thickness that the photographic image produced by this beam is within 
the range of normal exposure. For a tungsten target, the thickness of 
this strip should be 4% inch; for a molybdenum target about 1/100 inch. 


THE X-Ray TuBE. 


In order to produce monochromatic rays, it is necessary to use a 
target which gives a characteristic radiation of the desired wave-length, 
and to run the tube at such a voltage that the radiation of this wave- 
length will be both intense and capable of isolation by filtering. 

The relation between general and characteristic radiation at different 
voltages has been investigated, for tungsten and molybdenum, by the 
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author,! and, in more detail, for rhodium by Webster and platinum by 
Webster and Clark.2, The results may be summarized as follows: The 
characteristic line spectra are excited only when the voltage across the 
tube is equal to or greater than the value V = hy/e, where h is Planck’s 
constant, e the charge of an electron, and v the frequency corresponding 
to the short wave-length limit of the series to which the line belongs. 

With increase of voltage above this limiting voltage, the intensity of 
the lines increases rapidly, approximately proportional to the 3/2 power 
of the excess of voltage above the limiting value.* The following table 
will show the rate of increase for the a line of the K series of molyb- 
denum, as used in the experiments described below. 


TABLE I. 
Increase of Intensity of the Kg Line of Mo with Voltage. 


Kilovolts 





40. 


34. 36. 


15.2 


32. 


12.65 


30. 


9.60 


20, | 22, | 24. | 26. | 98, 


23.4 








18.5 














Intensity....... 0 | 1.25 | 2.75 | 4.80 | 7.30 


The rapid increase of characteristic radiation with voltage makes it 
desirable to use as high voltage as possible. If the voltage is too high, 
however, a part of the general radiation, whose maximum frequency is 
directly proportional to the voltage,® becomes so short that it is impossible 
to separate it from the characteristic by a selective filter. With a 
molybdenum target the best working voltage is about 30,000 volts, 
with tungsten about 100,000 volts. 


FILTERS. 


Although it is impossible to produce truly monochromatic radiation 
by filtering, it is easy to obtain a spectrum containing only one line, 
and in which the intensity of this line is more than thirty times that of 
any part of the general radiation. To accomplish this, use is made of 
the sudden increase in absorption of the filter at the wave-length corre- 
sponding to the limit of one of its characteristic series; that is, at the 
wave-length which is just short enough to excite in the filter one of its 
characteristic radiations. A filter is chosen whose K series limit® lies 

1 Nat. Acad. Proc., 2, 268, 1916. 

2 Puys. REV., 7, 599, 1916; Nat. Acad. Proc., 3, 185, 1917. 

8 Webster and Clark, Proc. Nat. Acad., 3, 185, 1917. 

4 The general radiation of the same wave-length as the a@ line is included in these values. 


5 See Duane and Hunt, Puys. REv., 6, 619, and Hull, Puys. REv., 7, 156. 
6 A complete table of wave-lengths of series lines for all elements thus far investigated is 


given by Siegbahn, Ber. d. D. Phys. Gesel., 13, 300, 1917. 
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as close as possible to the desired wave-length on its short wave-length side. 
For example, to isolate the K lines of molybdenum whose wave-length 
is .712 A., the most appropriate filter is zirconium, the limit of whose 
K series is at \ = .690 A. The absorption coefficient of the filter is 
then a minimum for the wave-length in question, and increases rapidly 
with wave-length in both directions; on the left, toward shorter wave- 
lengths, it jumps suddenly by about 8-fold; on the right it increases 
more slowly, viz., as the cube of the wave-length.! 

If the longest wave-length in the series, which, fortunately, in the 
case of the K series, is the most intense, is chosen for the monochromatic 
ray, the eight-fold increase in absorption coefficient will completely 
eliminate the other lines of the series, while reducing the chosen line by 
only one-half. To eliminate the general radiation is not so easy. 
Webster has shown? that the intensity of the characteristic radiation 
increases more rapidly with voltage than that of the neighboring general 
radiation, so that the higher the voltage the more prominently the line 
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stands out above adjacent wave-lengths, and this is the only way in 
which it can be sharply separated from longer wave-lengths. If the 
voltage is too high, however, the shortest wave-length end of the gen- 
eral spectrum becomes transmissible by the filter, and while its wave- 
length is far removed from that of the line which is to be isolated, and 
it can itself produce no line image, yet its integral effect produces a 
general blackening of the plate that obscures the lines. Sharp limitation 


1 Hull and Rice, Puys. REv., 8, 326, 1916. 
$L.c. 
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on the short wave-length side is obtained by the selective action of 
the filter. 

It is necessary, therefore, to choose filter material, filter thickness, 
and voltage, to correspond to the target used. For a molybdenum target, 
the filter should be zirconium, and a thickness of about 0.35 mm. of 
powdered zircon is sufficient’ (see Fig. 3). The optimum voltage is 
between 28,000 and 30,000 volts. For a tungsten target the filter 
should be ytterbium, of a thickness of about 0.15 mm., but this has 
not yet been tested. A filter of this thickness of metallic tungsten or 
tantalum eliminates most of the general spectrum, but leaves the 8 


MOk. 
No Cl Crysé. 
W Target 


Curve No.!/ =o filter 
Curve No.2=QA28mmW Filter 


INTENSIT 





3 
WAVE LENGTH IN ANGST ROIS 


Fig. 4. 


doublet as well as the a doublet, which is very undesirable (cf. Figs. 4 
and 5). The optimum voltage is about 100,000 volts. 

The effect of filtering on the spectrum of a molybdenum target at 
28,000 volts is shown in Fig. 3, which gives the intensity of the different 
wave-lengths as measured with an ionization chamber, so constructed 
as to eliminate, nearly, errors due to incomplete absorption.2. No correc- 


1 The absorption of the Si and O in zircon is negligible compared to that of the zirconium, 
so that crystal zircon is as efficient as metallic zirconium. 

‘The ionization chamber contains two electrodes of equal length. The second electrode, 
the one farther from the crystal, was connected to the electrometer, and the pressure of methyl 
odide in the chamber was such that the wave-lengths in the middle of the range investigated 
suffered 50 per cent. absorption in passing through the first half of the chamber. The electrom- 
eter deflection is proportional to Zpe~“! (1 — e~#"), where Jo is the intensity on entering the 
chamber, / the length of either electrode and y the coefficient of absorption of the methyl 
odide. This expression has a very flat maximum for e~#' = 3, so that for a considerable 
range on either side, the readings are proportional to Jo. 
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tion has been made for coefficient of reflection of the (rock salt) crystal. 
The intensities of the K lines are too great to be shown on the figure, 
the @ line being four times and the 6 line two and one half times the 
height of the diagram. A filter of .35 mm. of zircon reduces the intensity 
of the a@ line from 62 to 21.4; while reducing the 6 line from 39 to 2.2. 
The general radiation to the left is still quite prominent. An increase 
in filter thickness from .35 mm. to .58 mm. (Curve C) reduces it but 
little more than it reduces the a line, so that very little is gained by 
additional filtering. The sudden increase in absorption of the zirconium 
is seen at \y = 0.690 A., which is exactly the short wave-length limit 
of its K series, .as extrapolated from Malmer’s values of the 6; and B, 
lines of yttrium and the #; line of zirconium. 

The effect of a tungsten filter upon the spectrum of tungsten at 110,000 
volts is shown in Figs. 4 and 5. Here the critical wave-length of the 
filter is at the short wave-length edge of the whole series, so that all the 
lines are present. A filter of ytterbium would eliminate all but the a 
doublet. Fig. 4 gives the ionization chamber measurements, uncorrected, 
of the tungsten spectrum at 110,000 volts, as reflected by a rock salt 
crystal. The upper curve is the unfiltered spectrum, the lower that which 
has passed through a filter of 0.15 mm. of metallic tungsten. The K 
lines are much more prominent in the filtered than in the unfiltered 
spectrum, but the general radiation, especially the short wave-length 
end, is much too prominent, showing that the voltage is too high. In 
Fig. 5 the effect of the tungsten filter (above) is compared with that of 
1 cm. of aluminium (below), in order to show more clearly the selective 
effect of the tungsten filter. The wide middle portion of the spectrum 
is unfiltered. 

THE CRYSTALLINE MATERIAL. 

The Bragg method of X-ray crystal analysis is by far the simplest 
whenever single crystals of sufficient perfection are available. If, how- 
ever, perfect order of crystalline arrangement cannot be had, the next 
simplest condition is perfect chaos, that is, a random grouping of small 
crystals, such that there is equi-partition of reflecting opportunity 
among all the crystal planes. This has two disadvantages, viz., that 
the opportunity of any one plane to reflect is very small, so that long 
exposures are necessary; and the images from all planes appear on the 
same plate, so that it is impossible, without calculation, to tell which 
image belongs to which plane. It has the advantages, on the other hand, 
of allowing a definite numerical calculation of the position and intensity 
of each line, and of being free from uncertainties due to imperfection and 
twinning of crystals. In the latter respect it serves as a valuable check 
on the direct Bragg method. 
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The crystalline material is, wherever possible, procured in the form 
of a fine powder of .or cm. diameter or less. This may be accomplished 
by filing, crushing, or by chemical or electro-chemical precipitation, or 
by distillation. In the case of the metals like alkalies, to which none 
of these methods can be applied, satisfactory results have been obtained 
by squirting the metal through a die in the form of a very fine wire, which 
is packed, with random folding, into a small glass tube, and kept in con- 
tinuous rotation, with frequent vertical displacements, during exposure. 

The method of mounting the crSytalline substance depends on the 
wave-length used. If tungsten rays (A = 0.212) are used, so that the 
angles of reflection, for all visible lines, are small, it is most convenient 
to press the powder into a flat sheet, or between plane glass plates, and 
place this sheet at right angles to the beam. In this case the correction 
for the difference in absorption of the different diffracted rays is negligible. 
If a molybdenum tube is used, on the other hand, diffracted rays can be 
observed at angles up to 180° (cf. Fig. 10), so that the substance must 
be mounted in a cylindrical tube. In this case also, the correction for 
absorption is unnecessary, provided the diameter of the tube is properly 
chosen and the beam of rays is wide enough to illuminate the whole tube. 

The optimum thickness of crystalline material, for a given wave-length, 
may be calculated approximately as follows: 

Let k represent the scattering coefficient and yz the absorption coefficient 
of the substance for the wave-length used, and J the intensity of the’ 
incident rays. The intensity scattered by a thin layer dx at a distance x 
below the surface will be 

dR = kIye"*dx. 


This radiation will suffer further absorption in passing through a thick- 
ness ¢t-x, approximately, where ¢ is the thickness of the sheet. Hence 
the total intensity of the scattered radiation that emerges will be 


t 
R -{ RI ye~*‘dx 
0 


= kI ote’. 
This will be a maximum when 
dR 
at = kIo(e~™* a ute-"*) =O 


or 


i= 


’ 


mle 


where ¢ is the thickness of the crystalline sheet in centimeters and yp 
the linear absorption coefficient. 
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If the material is in cylindrical form, the optimum diameter is slightly 
greater than the above value. 


EXPOSURE. 


Very long exposures, as remarked above, are necessary if a large number 
of lines is desired, and it is important to increase the speed by the use of 
an intensifying screen, and by bringing the crystal as close as practicable 
to the tube. With rays as absorbable as those from a molybdenum tube, 
it is necessary to use films, not plates, with the intensifying screen. 
Under reasonable conditions, an exposure of ten to twenty hours will 
produce a general blackening of the plate well within the limit of normal 
exposure. Since a greater density than this cannot increase the contrast, 
nothing is to be gained by longer exposure. Further detail can be 
hoped for only by using more nearly monochromatic rays, screening the 
plate more perfectly from stray and secondary rays in the room, and 
decreasing the ratio of amorphous to crystalline material in the specimen 
under examination. 


ANALYSIS OF THE PHOTOGRAPHS. 
A. Cubic Crystals. 


The method of deducing the crystal structure from the experimental 
data is very similar to that used by the Braggs, with this difference: 


‘In the Bragg method reflections from three or four known planes are 


observed, and a structure is sought which gives the spacings and intensi- 
ties observed for these planes. In the method described above a single 
photograph is taken, containing reflections from a large number of 
unknown planes, and a structure is sought whose whole pattern of planes, 
arranged in the order of decreasing spacing and omitting none, fits the 
observed pattern. In both cases the method is one of trial and error, 
namely, to try one arrangement after another, beginning with the 
simplest, until one is found which fits. 


CALCULATION OF THEORETICAL CRYSTAL SPACINGS. 

The process of calculating the spacings of the planes in any assumed 
crystal structure is as follows: The positions of the atoms are specified 
by their codrdinates with respect to the crystallographic axes. For 
example, a centered cubic lattice is represented by a system of atoms 

m,n, p, 
m+¥4,n+%4,p+%’ 
and # assume all possible integral values, and the unit is the side of the 
elementary cube. The distance from any atom 4%, 41, 21, to a plane whose 
(Miller) indices are h, k, | is, for rectangular axes, 


whose codrdinate (x, y, z) are | where m, n, 
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! 
g = matin t+ ~ § 

VERE 

Since the family of planes parallel to h, k, 1, contains all the atoms in the 
crystal, one of these planes must pass through the atom x, 4, 21, so that 
- dis the distance from the plane h, k, 1 to a plane parallel to it through 
x1, V1, 21. The “spacing” of the planes h, k, l, which is the smallest 
value of d that repeats itself, is found by substituting different values of 
the codrdinates m, n, p for x1, y1, 21 in equation (1), and observing the 
smallest value and periodicity of d. For example, to find the spacing of 
the 111 planes of the centered cubic lattice, place 4, k, 1 each equal to 1, 
assume for m, n and the values 0, I, 2, 3, etc., and substitute in equation 
(1). All the atoms in the group m, n, p are found to lie in planes at 
2 3 


(1) 


Fi a Ay etc., from fh, k, 1, and those of the group 
1 

m+%%,n+ %, p+ , at distances “a wa ve 
groups contain the same number of atoms, the spacing is regular and is 
equal to a. 
v3 
one of the fourteen regular lattices, as the centered cube, all parallel 
planes are equally spaced, and only the minimum value of d need be found. 

In this way the spacings of all the principal planes, that is, those whose 
indices are small numbers, are calculated and tabulated; and it is easy, 
by systematic procedure, to be sure that no plane has been skipped 
whose spacing is within the limits of the table. 

As an example, the calculation of the spacings of a face-centered 
lattice is given in full below (Table II.). 

The coérdinates of the atoms are 


distances 


etc. Since both 


times the side of the elementary cube. If the structure is 


mM, nN, Pp, 
m+l%,n+ \, p, 
m+ , n, p+, 
m, n+, p+, 
where m, n, and p assume all possible integral values. 

The first column gives the indices of the form, the second the smallest 
value of d for that form, obtained by substituting the codrdinates of the 
atoms in equation (1), and the third the same value of d expressed as a 
fraction of the lattice-constant, together with its submultiples d/2, d/3, 


d/4, etc., corresponding to reflections of second, third, etc., order. The 
unit is the “‘lattice constant,” the side of the elementary face-centered 
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TABLE II. 








Indices of Form. 


Smallest Distance | 
between Planes 





Spacing of Planes and Submultiples ¢/x. 





























.064 





= 1%, 2. 3. 

| ; | 

| 100 a | 50 25 167 

| | 110 =5 | 354 177 | 118 

| 111 ~. | 577 289 | 192 
210 <5 | mt 112 | 07 
310 7 5 | 158 079 =| 0s 
410 “A , | tat 061 | 040 
320 me 139 070 046 
311 i 302 151 101 
411 7c 118 059 039 
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cube. The table contains all planes having values of d/n greater tanh 
0.12. These values are collected in Table III., arranged in order of 
decreasing d/n. 

For convenience of reference, the spacings, 7. e., the distance between 
consecutive parallel planes of the most important forms in the four most 
common cubic lattices are tabulated in Table III., together with such 
submultiples, d/n, of these spacings as come within the range of the 
tables. The order is that of decreasing d/n, and the table contains all 
values of d/n greater than .12.!_ The table also contains the number of 
different sets of planes in each of the given forms. For example, the 
hexahedral form (100) consists of three families of parallel planes, 
parallel respectively to 100, 010, and oot. 

To test whether any new crystal belongs to one of the lattices repre- 
sented in Table III., it is only necessary to calculate the values of d/n 
from the lines of its powder photograph, tabulate them in order, and 
compare this table with Table III. 

The unit of d/n in Table III. is the “lattice constant,” 7. e., the side 
of the elementary cube whose successive translations can generate the 
whole lattice. To find the spacing of any set of planes in a crystal 
having one of these lattices it is only necessary to multiply the value 
of d given in the table by the “lattice constant” of the given crystal. 

The first three lattices in the table are the regular cubic space lattices, 
in which every atom is equivalent in position to every other. In all 
other possible cubic lattices the atoms must be divided into two or more 
classes, whose positions in the lattice are not equivalent. The first 
lattice is the simple cubic lattice, the unit of whose structure is a cube with 
atoms at each corner. The positions of the atoms are specified by giving 
to each of the coérdinates m, n, p all possible integral values within the 
limits of the size of the crystal. Each atom in the lattice has as nearest 
neighbors six symmetrically placed atoms, which form an octahedron 
about it. This arrangement of atoms is exemplified by rock salt, except 
that in rock salt the atoms are alternately sodium and chlorine. No 
elementary substance with simple cubic structure has yet been found. 

The second lattice is a centered cubic lattice, whose unit is a cube with an 
atom in each corner, and one at the center of the cube. It may be formed 
by superimposing two simple cubic lattices in such manner that the atoms 
of the one are at the centers of the cubes of the other. The codrdinates 
m,n, p 


m+nt4et%, 


1 In order to shorten the table the simple cube spacings, which are much more numerous 
than the others, have not been tabulated beyond d/n = .1766. 


of the atoms are therefore given by where 
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TABLE III. 
a Familie " Spacing of Planes, Including Submultiple ¢/z. 

aiaieees roy = Simple Cube. Centered Cube. seer ~ | Diamond. 
100 3 1.00 | 
110 6 .707 .707 
111 4 577 57 .577 
100 3 (n = 2) .500 .500 .500 
210 12 447 
211 12 408 408 
110 6 (n = 2) .354 (n = 2) .354 .354 354 
221 12 .3333 
100 3 (n = 3) .3333 
310 12 .3160 .3160 
311 12 .3014 .301 301 
111 4 (n = 2) .2885 .2885 |(m = 2) .2885 |(m = 2) .2885 
320 12 .2774 
321 24 .2672 .2672 
100 3 (n = 4) .2500 |(m =2) .2500 |(m = 2) .2500 .2500 
410 12 .2423 
322 12 .2423 

(411 12 .2358 .2358 
110 6 (n = 3) .23583 |(n = 3) .2358 
331 12 .2292 .2292 .2292 
210 12 (m = 2) .2234 .2234 .2234 
421 24 .2180 
332 12 .2132 .2132 
211 12 (n = 2) .2040 |(m = 2) .2040 .2040 .2040 
430 12 .200 
100 3 (n = 5) .200 
431 24 .1960 .1960 
510 12 .1960 .1960 
511 12 .1923 .1923 .1923 
111 4 (n = 3) .1923 (n = 3) .1923) |(m. = 3) .1923 
520 12 .1856 
432 24 -1856 
521 24 .1826 .1826 
110 6 (n = 4) .1766 |(m = 4) .1766 |(m =2) .1766 |(n = 2) .1766 
530 12 .1714 
433 12 .1714 
531 24 .169 .169 
100 3 (n = 3) .167 (nm = 3) .167 
221 12 .167 .167 
611 12 .1621 
532 24 .1621 
310 12 (n = 2) .1580 .1580 -1580 
533 12 .1525 .1525 
311 12 -1507) |\(m = 2) .1507  |(m = 2) .1507 
631 24 .1474 
111 4 (mn =2) .1442 I(m = 4) .1442 |(m = 4) .1442 
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| Plane Spacing of Planes, Including Submultiple 2/». 




















Indices of | Families 
warm. reg ~ Simple Cube. Centered Cube. F ‘eo | Diamond. 
110 | 6 (m = 5) .1414 ; 
{710 12 sais} 
543 24 1414 
711 12 .1400 .1400 
551 12 .1400 .1400 
320 | 12 1387 1387 
{is a | (n = 3) .1360 
552 12 | 1360 | 
721 24 .1360 
321 | 24 (n= 2) .1336 1336 .1336 
730 | 12 | 1312 
553 | 12 | 1301 1301 
731 | 24 1301 .1301 
732 24 | .1270 
61 | 24 | .1270 
100 | 3 (n = 4) 1250 |(m =4) .1250 |(m = 2) .1250 
7441 | 24 | .1230 
811 | 12 | | .1230 } 
554 | 12 | .1230 
733° | 12 | | 1222 1222 
410 | 12 | | 1212 —) 
jan | 2 | 2 ee 

















m,n, and p have all possible integral values. Each atom in this lattice 
has eight equidistant nearest neighbors, which form a cube about it. 
Examples of this structure are iron and sodium. 

The third lattice is the face-centered cubic lattice. Its unit of structure 
is a cube with an atom at each corner and one in the center of each 
face. It may be formed by the superposition of four simple cubic 
lattices with construction points! 0, 0,0; 4%, %,0; %, 0, 4; 0, 4%, % 
respectively. The codrdinates of the atoms are therefore 


m, n, p, 

m+ l,n+ 4, p, 

m+ ¥,n, p+ %, 

m n+, p+, 
where m, n, and p have all possible integral values. Each atom in this 
lattice is surrounded by twelve equidistant atoms which form a regular 


dodecahedron about it. Examples of this structure are aluminium, 
copper, silver, gold and lead. 
1 The term “construction point’’ is used to denote the position of some definite point, 


which may be looked upon as the starting point (aufpunkt) of each lattice, with respect to 
the codrdinate axes. 





| 
| 
| 
i 
/ 
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The fourth lattice is known as the diamond type of lattice, and is 
exemplified by diamond and silicon. It may be formed by the super- 
position of two face-centered lattices, with construction points 0, 0, 0, 
and 4, 4, \ respectively. The codrdinates of the atoms are therefore 


m, n, Pp, 
m+l4,n+ , p, 
m+ l4,n, p+ , 

m, n+, p+ \, 
m+¥,n+%,p+HM, 
m + 34, n+ 34, p+ M, 
m+ 34,n+M4,pt+ %, 
m+¥4,n+%, p+ %, 


where m, n, and p have all possible integral values. 

Each atom in this lattice is surrounded by four equidistant atoms, 
which form a tetrahedron about it. The tetrahedra, however, are not all 
similarly situated, half of the atoms being surrounded by positive tetra- 
hedra, and the other half by negative tetrahedra. In this lattice suc- 
cessive parallel planes are not all equidistant. In those forms whose 
indices are all odd numbers, as (751), (533), the planes are arranged in 
regularly spaced pairs, the distance between members of a pair being 
one fourth the distance between consecutive pairs. In all other forms, 
that is, those whose indices are not all odd, the spacing is regular. 


B. Crystals Other Than Cubic. 


In the case of crystals belonging to systems other than the cubic, 
the procedure is not sosimple. It is necessary to make a separate calcula- 
tion, not only for every kind of atomic grouping, but for every different 
ratio of the axes or angle between axes. When these axes are not known 
from crystallographic data, as in the case of graphite, for example, a 
great many trials have to be made before the correct one is found. 
Also, in the case of oblique axes the formula for the distance between 
planes is less simple. However, when the crystallographic data is 
reliable the process is not difficult. A few examples will be given below 
for illustration and reference. 

The general formula for the distance from a plane h, k, 1 (Miller indices) 
to a parallel plane through the point x, 1, 2:, referred to any system of 
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axes X, Y, Z, having angles , uw, » between the axes YZ, XZ, and XY 
respectively, is! 
hx ao ky bh lz, = | 














via ] | h cos v Cos w | I h cos p ‘I cos v hi)# 
hiki cos d| + k cos v k cos X +1) cos vt k 
J (Ll cosXI | cosml it | cos pcos 1 (2) 
I COS v COS u 
cos v I cos X 
L cos pu CcoOsA I 


For the three rectangular systems, the cubic, tetragonal and ortho- 
rhombic, A, “, and »v are each go° and equation (2) reduces to equation 
(1). For the tetragonal and orthorhombic systems, however, and in all 
the other systems except the cubic and trigonal, the codrdinates x, 1, 
z:, and the indices h, k, and / are not all measured in the same units. 
The products hx;, ky, lz, of the numerator are of zero dimensions, but 
the values of h, k, and / in the denominator contain the units, and must 
be replaced by h/a, k/b, l/c, where a, b, and c are the unit axes of the crystal 
in the X, Y, and Z directions respectively. This gives: 

For the tetragonal system 


hx, + ky, + lz, = | 
d= Sr 
Vh? + k? + (l/c)? 
where c is the axial ratio of the crystal; and for the orthorhombic system 
hx = ky, os lz, —= | 
= ’ (4) 
v (h/a)? + k? + (I/c)? 


where a and ¢ are the lengths of the shorter lateral axis and vertical 
axis respectively. 

For the hexagonal system, if two of the horizontal axes, 120° apart, 
are taken as X and Y, and the vertical axis as Z, \ and yw are each 90° 
and y 120°, and equation (2) reduces to 





(3) 








1 This formula is easily obtained from the fundamental equation 
d = x1 cosa + y1 cosB + 21 cosy — #, 
by substituting for cosa, cos 8, cos y, and ~ their values in terms of h, k, l, 4, wu, and » 
given by the equations: 
cosa =l’ +mcosvy +ncosu =hp 
.cosB =l’cosv +m-+ncosr =kp 
cosy =l’cosu +mcosA +n =lp 
l’ cosa +mcos8B +ncosy =I 
where cosa, cos§, cos y are the direction cosines, and 1’, m, n the direction ratios of the 
perpendicular ~ from the origin to the plane hkl. 
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= hx, + ky + lay — 1 
~ V4/3(2 + hk + B) + (o)?’ 
where c is the ‘‘axial ratio” for the particular crystal species. 
For the trigonal system, in which \ = yu = », equation 2 reduces to 








(5) 


_ (her + ky, + ly — 1)“1 + 2 cos? — 3 cos? A 
V (h? + k? + P) sin? + 2(hk + Al + R1)(cos? ¥ — cos d) 








(6) 


For the monoclinic system \ and »y are each 90° and equation (2) 
becomes 
ice hx, > kyi + la om 2 a 
BY + (EY = 2 Ecos 
J a c ac 


sin? yu 





(7) 


+2 





where a and ¢ refer to the lengths of the clinodiagonal and vertical axes 
respectively, the orthodiagonal axis } being taken as unity. 

Finally, for the triclinic system, for which the general equation (2) 
must be used, it should be noted that in order to use the equation for 
numerical calculation, the quantities h, k, and 1 in the denominator 
should be divided by the corresponding axial lengths a, 8, c. 

Standard tables of calculated spacings, like Table III. above, cannot 
be given for crystal systems other than the isometric, since the axial 
ratios and angles are different for each crystal. By way of example, 
however, the spacings of three hexagonal lattices having the axial ratio 
1.624, which is the accepted value for magnesium, are given in Table IV. 
The first is a simple lattice of triangular prisms, the length of whose side 
is taken as unity and whose height is therefore 1.624. It is one of the 
regular space lattices. The positions of the atoms in this lattice are 
given, in hexagonal codrdinates (see equation (5) above) by (x, y, z =)m, 
n, pc where each of the coérdinates m, n, and p assumes all possible 
integral values, and c is the axial ratio. The second lattice in Table IV. 
is composed of two of the above triangular lattices intermeshed in such 
a way that the atoms of the first are in the centers of the prisms of the 
second and vice versa. It differs but very little from the so-called hexag- 
onal close-packing, which is one of the two alternative arrangements which 
the atoms would assume if they were hard spheres and were forced by 
pressure into the closest possible packing. The positions of the atoms 

m,n, pc 
m+ l4,n+ %, (b+ Wc 
to hexagonal axes, and m, n, p, have all possible integral values. The third 
lattice in Table IV. is composed of three of the above simple triangular 


are given by where the codrdinates refer 
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lattices, the atoms of the second and third being directly above the centers 
of the alternate triangles of the first lattice, at distances of 44 and 2 re- 
spectively of the height of the prism. It is the regular rhombohedral 
lattice. The positions of the atoms in this lattice may be most simply 
specified with reference to trigonal axes, but for convenience of comparison 
with the first two lattices, they are given in terms of hexagonal axes. 
Their hexagonal coérdinates are 


m, nN, pe, 
m+%¥4,n+ %, (p+ Wc 
m+ %,n+ 4, (b+ %)e 


where m, n, and p have all possible integral values, and c is the axial 






































ratio 1.624. 
The first column in Table IV. gives the indices of the form, the second, 
TABLE IV. 
Simple Triangular Close-packed Lattice. Rhombohedral Lattice. 
Lattice. 
“a ae . ae op Trigo- 
Form. Co- Gypsies of Co- Spacing of Co- Spacing of > 
operat- lanes. operat- lanes. operat- Planes. of 
Plante. Please. , Pignte. Form. 
0001 1 1.624 
1010 3 .866 3 .866 
0001 1 (mn = 2) .812 1 .812 
1011 6 .764 6 .764 3 .764 100 
1012 6 592 6 592 3 592 | 110 
0001 1 (n = 3) .541 1 541 111 
1120 3 .500 3 .500 3 .500 110 
1121 6 477 
1013 6 458 6 458 
1010 3 (n =2) .433 3 (n = 2) .433 
1122 6 426 6 426 
2021 6 418 6 418 3 418 | i11 
0001 1 (n = 4) .406 1 (n = 2) .406 
1011 6 (m = 2) .382 6 (n = 2) .382 3 (n = 2) .382 100 
1014 6 368 6 .368 3 .368 211 
1123 6 .367 6 367 | 210 
2023 6 338 6 .338 
2130 6 327 6 327 
0001 1 (s = 5) .325 
2131 | 12 | 321 | 12 321 | 6 321 | 210 
1124 6 | 315 6 .315 
1015 6 .304 6 .304 3 .304 221 
2132 12 .304 12 .304 6 .304 211 
1012 6 | (n =2) .296 6 | (n =2) .296 3 (n = 2) .296 | 110 
1010 | 3 | (m =3) .289 3 | (n =3) .289 | 3 289 | 211 
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fourth and sixth the number of different families of planes belonging to 
the form, and the third, fifth and seventh the spacing of these planes 
in the respective lattices, found by substituting the codrdinates of the 
atoms in equation (5). The unit is the side of the elementary triangular 
prism. The eighth column gives, for comparison, the indices of the 
planes of the rhombohedral lattice in trigonal (Miller) coérdinates. 
The atoms are in this case referred to three equal axes, making equal 
angles of 78.4° with each other, and their codrdinates are m, n, p, where 
each of these numbers has all possible integral values. 


Exampbles. 


As examples of the application of the method of analysis described 
above, the analysis of ten elementary crystalline substances is given 
below. Three of these analyses are incomplete, but are of such im- 
portance as to warrant their inclusion. Four others have already been 
briefly described elsewhere, and are given here in more detail. The last, 
diamond, which has been completely analyzed by the Braggs, is added 
as a check upon the method, and as an example of the immense amount 
of information which can be obtained from a single photograph. 

The experimental data is collected in Tables V. to XIV. The first 
column in each table gives the estimated intensity of each line. The 
estimate is necessarily very rough, but photometric measurements have 
little value unless care is taken to make control exposures to determine 
the characteristic curve of the plate under the actual conditions of 
exposure and development. In the photographs here described, this 
was not done. The second column gives the distance, x, of each line on 
the photograph from the central undeviated image of the slit. The third 
column gives the angular deviation 20, of the ray that produced the line, 
calculated from x and the distance between crystalline material and 
photographic plate. The fourth and fifth columns give the experi- 
mental and theoretical values of d/n, where d is the distance in Angstroms 
between consecutive planes, and m the order of reflection. The experi- 
mental values of d/n are calculated from the angular deviation 20 by 
means of the equation »\ = 2d sin @. The theoretical values are ob- 
tained by multiplying the values in Tables III. and IV. by the lattice 
constants of the respective crystals. The sixth column gives the indices 
of the forms to which the reflecting planes belong, and the last column 
the number of families of planes belonging to the given form and having 
the same spacing, so that their reflections are superimposed. The 
number of these codperating planes is a measure of the intensity of the 
line to be expected if the atoms are symmetrical and equally distributed 
in successive planes. 
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IRON. 





The iron investigated was obtained from two sources, viz., fine filings 
of pure electrolytic iron, and fine iron powder obtained by the reduction 
of FeO; in hydrogen. The filings were mounted in a thin-walled glass 
tube 2 mm. in diameter, which was kept in rotation during the exposure. 
The reduced oxide was pressed into a sheet 2 mm. thick, which was 
mounted firmly at right angles to the beam of X-rays. Both specimens 
gave the same lines. 

A fine-focus Coolidge X-ray tube with tungsten target was used for 
all the iron photographs. It was operated by the constant potential 
equipment which has been in use for two years in the Research Labora- 
tory,! at 110,000 volts and 1 milliampere. 

Fig. 6 shows one of the photographs of the iron powder (reduced 
oxide). For all lines beyond the first three, the a doublet is resolved 
into two very narrow, sharp lines. The 8 line of the K radiation is 
visible on the plate for some of the stronger reflections, but is easily 
distinguishable from the double a line. In this exposure both slits were 
very narrow, about 0.2 mm. wide. The distance from X-ray tube to 
first slit was 20 cm., from first to second slit 15 cm., and from crystal to 
photographic plate 18.15 cm. Seed X-ray plate was used, with calcium 
tungstate intensifying screen. The exposure was 20 hours. 

The lines in this photograph are tabulated in Table V., together with 
the calculated spacings, as described above. The observed spacings 
(column 4) agree with the theoretical spacings for a centered cube of 
side 2.86 A. (column 5) within the limit of accuracy of measurement of 
the lines. The intensities also vary in the manner to be expected, 
except that the second order 110 line is too intense and the second order 
100 too weak. The bearing of this fact on the question of the arrange- 
ment of electrons in the iron atom has been discussed elsewhere.’ 

A centered cubic lattice should have two atoms associated with each 
elementary cube. By equating the mass of the ” atoms in an elementary 
cube to the mass of the cube, 7. e., its volume X density of the metal, we 
obtain 


ey es 





_ of _ 7.86 X 2.86 X 10o™ _ 
~ M ~ 55.4 X 1.663 X 107% — 


As a check upon this analysis, photographs were taken of single 
crystals of silicon steel, containing about 3.5 per cent. silicon, which 
were mounted on the spectrometer table and rotated about definite 
axes. Two of these photographs are reproduced in Fig. 7. The first, 


1 Puys. REV., 7, 405,1916. Fora fuller description see G. E. Review, 19, 173, March, 1916. 
2 Puys. REV., 9, 84, 1917. 
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TABLE V. 
Iron. 
Intensity of | Distanee of |, Angular Spacing of Planes in | _ 

Line. Line from Deviation of | Number of 

Center. | Lise 2. ee Indices of Form, Coo sorating 
anes. 
Estimated. Cm. | Degrees. | Experimen-| Theoreti- | . 
tal. cal. 

1.00 187 | 5.90 | 2.05 2.06 110 6 
46 2.67 | 8.40 1.43 1.43 100 | 3 
54 3.40 | 10.30 1.16 1.16 211 12 
24 3.85 | 11.96 1.005 1.01 110 (n = 2) 3 
18 4.32 | 13.40 910 905 310 12 
16 4.75 | 14.67 823 826 111 4 
22 517 | 1590 |  .757 765 321 24 

| | 715 100 (n = 2) 3 
110 (n = 3) 
12 5.92 | 18.06 665 675 poe 1. 
03 6.27. | 19.06 633 | .638 210 12 
02 6.62 | 20.06 .600 610 | 332 12 
02 7.00 | 21.10 572 584 | 211 (n =2) 12 
510 
| 
.10 7.25 | 21.78 555 560 431 | 36 
02 7.95 | 23.16 522 |! 522 521 | 24 

















Fig. 7a, is the photograph of a thin crystal about 5 mm. square, cut 
parallel to 100. It was mounted 12 cm. from the photographic plate, 
with its 100 face normal to a beam of tungsten rays, and rotated slowly, 
about an axis perpendicular to oo1, for a few degrees on each side of 
the center. It shows, in the horizontal plane, the spectrum of the 
tungsten target reflected from o10, and at 45° and 135° the same reflected 
from O11 and ol1 respectively. The two K lines in tungsten, the un- 
resolved a doublet and the £8 line, show plainly in each of these spectra, 
and the distance between the a doublets of the right and left spectra, 
viz., 3.56 cm. for o10, and 2.50 cm. for o11, give for the spacings of these 
planes : 
duo = 1.43 A., 


dou = 2.04 A. 


The second photograph, Fig. 7), shows the result of rotating a thin 
crystal cut parallel to 111, and mounted normal to the rays, about an 
axis perpendicular to 110, for a few degrees on each side. It shows, in 
the horizontal plane, the reflection from 112, and at 30°, 60° and 71°, 
to the horizontal the reflections from 101, 211, 321, with corresponding 
reflection from 231, 121 and O11 at angles of 109°, 120° and 150° respec- 
tively to the horizontal. The planes Io1 and o11 show both first and 
second order spectra. The distances between a lines of these spectra 























Vou. X. X-RAY CRYSTAL ANALYSIS. 683 


agree excellently for planes belonging to the same form, and give for the 
spacing of the planes in the three forms represented: 


dou = 1.15 A., 
diy = 2.02 A., 
d321 = 0.75 A. 


The agreement of these angles and spacings with the theoretical values 
for a centered cubic lattice indicates that the position of the atoms in 
iron is not greatly affected by the presence of 3% per cent. Si. 

A series of photographs of one of these crystals at liquid air tempera- 
ture, room temperature, and 1000° C. respectively showed no observable 
change, even in intensities. It is necessary to photograph more forms, 
however, before definite conclusions can be drawn regarding the relation 
of ato Biron. Several photographs of iron powder at different tempera- 
tures between 700° C. and goo° C. were spoiled, either by chemical fog 
due to the heating of the photographic plate, or by the growth of the 
crystals during exposure, thus giving only a few large spots on the 
photograph. 

SILICON. 

Small crystals of metallic silicon were crushed in a mortar and sifted 
through a gauge of 200 meshes to the inch. The fine powder was mounted 
in a very thin-walled tube of lime glass, and kept in continuous rotation 
during a four hour exposure to rays from a molybdenum target, running 
at 32 k.v. constant potential and 8 milliamperes. A filter of zircon 
powder .037 cm. thick reduced the spectrum essentially to a single line, the 
unresolved a doublet, \ = .712, of molybdenum, as shown in Fig. 3. The 
crystal was 15 cm. from the X-ray target and 11.3 cm. from the photo- 
graphic film, which was bent in the arc of a circle, with the crystal at the 
center. Both slits were quite wide, about I mm., and about 5 cm. 
apart. Eastman X-ray film was used, with calcium tungstate intensi- 
fying. screen. 

The photograph obtained is reproduced in Fig. 8, and the measure- 
ments are given in Table VI. The spacings tabulated as “theoretical” 
are those of a lattice of the diamond type, i. e., two intermeshed face- 
centered lattices, each of side 5.43 A, one lattice being displaced, with 
reference to the other, along the cube diagonal a distance one fourth 
the length of the djagonal. The agreement is perfect. The estimates 
of intensity are not accurate enough to warrant discussion. 

The number of atoms associated with each unit cube is 

pd> 2.34 X 5.43° _ 


m= Mf = 28.1 X 1.663 — °° 


which is the correct number for this type of lattice. 
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TABLE VI. 
Silicon. 
4 of | ue ote. Spacing of Planes in 
F Center. Line 26. ngstroms. Indi | Number of 
ene, CER ieee ne _____ | Indices of Form. | Codperating 
. | . Planes. 
Estimated. | Cm. Degrees. |Experimen-| Theoreti- 
| | tal. cal, _ 
1.00 2.58 13.56 | 3.13 | 3.14 111 4 
.80 4.21 23.0 | * 1,93 1.93 110 6 
a 4.97 26.16 1.64 | 1.64 311 12 
0 | 1.57 111 (m =2) | 4 
ae 6.00 31.58 1.36 | 2.66 100 3 
45 6.54 34.42 | 1.25 } 1.25 331 | 12 
50 7.39 | 38.92 1.11 : 2a 211 | 12 
$11 
.40 7.84 | 40.78 1.05 1.04 111 (n=3) | 16 
.20 8.59 45.20 | .96 .96 110 (m =2) | 6 
30 8.98 47.22 .92 .92 531 24 
ono 9.66 50.44 .86 .86 310 12 
10 10.01 52.44 .83 83 533 | 12 
0 | .82 | 311 (” = 2) 12 
.05 10.62 | 55.70 79 79 111 (m = 4) | 4 
711 | 
10 11.00 | 59.76 .76 | .76 551 | 24 
.20 11.58 60.36 73 | 73 321 24 
731 
AS | 11.90 62.56 P| 71 553 | 36 
0 | .68 100 (” = 2) | 3 
0 .66 733 12 
.05 13.33 | 70.0 .64 | .64 411 12 
| | 751 | 
i Me Diol i a. 
ALUMINIUM. 


Fine filings of pure sheet aluminium were mounted in exactly the 
same manner as silicon, and exposed for 3 hours to molybdenum rays, 
produced at 40,000 volts, 9 milliamperes, and filtered by .037 cm. of 
zircon powder. The photograph obtained is shown in Fig. 9, and the 
measurements are given in Table VII. 

The ‘‘theoretical’’ spacings in Table VII. are those of a face-centered 
cubic lattice. Their agreement with the ‘‘experimental’’ values obtained 
from the lines on the photograph is satisfactory. 

The number of atoms per unit elementary cube is 


pd? _ 2.70 X (4.05)* _ 


"= M ~ 2.69 X 1.663 


This is the correct number for a face-centered lattice. 
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TABLE VII. 
Aluminium. 
ity | Distance of | Angular | Spacing of Planesin | 
of rsd | —— beg Fors | . pa tereceg Number of 
esas ree ee ae Indices of Form, | Codperating 
See. | : Planes. 
Estimated. Cm. | Degrees. alae. Theoretical. 
100 | 345 | 17.80 | 2.33 | 2.33 111 4 
60 | 3.99 | 20.60 | 2.025 2.025 100 3 
50 | S67 | 29.26 | “1.43 1.43 110 6 
60 | 668 | 345 | 41.21 1.22 311 12 
.20 6.95 | 35.8 | 1.17 1.17 | 111 (nm =2) 4 
05 8.09 418 | 1.01 1.01 | 100 (nm =2) 3 
.25 8.86 45.6 | 93 93 | 331 12 
.25 9.11 47.0 | .90 90 | 210 | 12 
10 10.05 51.8 | .82 83 | 211 | 12 
15 10.66 | 55.0 .78 78 | free | 
| (411 (m = 3) 16 
02 11.75 | 60.6 71 72 | 10(m=2)| 6 
| 63.4 68 68 | 531 | 24 





04 | 12.30 


The unit of structure of the aluminium crystal is, therefore, a face- 
centered cube, of side 4.05 A., with one atom of aluminium at each 
corner and one at the center of each face. 


MAGNESIUM. 


The magnesium used in these experiments was the commercial elec- 
trolytic product made in the research laboratory. Several photographs 
were taken, some with fine filings from cast rods of this metal, and some 
with filings from large crystals formed by vacuum distillation. Both 
kinds of powder gave the same results. 

The powder was mounted in a 2 mm. tube of thin glass, and exposed 
under exactly the same conditions as silicon and aluminium. Fig. 10 
shows a photograph obtained from a 6-hour exposure at 32,000 volts 
and’9 milliamperes, and Table VIII. gives the numerical data. 

The “theoretical spacings”’ in Table VIII. are those of a hexagonal 
lattice composed of two sets of triangular prisms, each of side 3.22 A. 
and axial ratio 1.624, with construction points 000 and 14, 24, 4% respec- 
tively. This is the lattice whose spacings are given in column 5 of Table 
IV., under “‘Close-Packed Lattice.’”’ It is slightly distorted, however, 
from true hexagonal close packing, which requires an axial ratio of 1.633. 
This variation from theoretical close packing is to be attributed to a 
slight asymmetry in the structure of the magnesium atoms. 

The agreement between calculated and experimental spacings is satis- 
factory, except that several lines which were to be expected do not 
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show in the photograph. In particular, the reflection from the basal 
plane, 0001, is absent in all the photographs. 

It seemed desirable, therefore, to supplement the evidence furnished 
by the powder photographs by photographs of single crystals, mounted 









































TABLE VIII. 
Magnesium. 
: Distance of : 
— * — Reflection. ay hoon - , Number of 
ores Indices of Form. | Cooperating 
; Planes. 
Estimated. Cm. Degrees. ie taal ar Nal 

40 2.92 14.80 2.75 2.75 1010 | 3 
2.59 0001 1 
1.00 3.30 16.66 2.44 2.44 1011 6 
.30 4.23 21.48 1.91 1.90 1012 6 
40 5.03 25.50 1.61 1.60 1120 | 3 
35 5.50 27.8 1.48 1.48 1013 | 6 
1.38 1010(2) | 3 
35 5.95 30.0 1.36 1.36 1132 | ° 6 
12 6.05 30.6 1.34 1.34 2021 | 6 
1.30 0001(2) | 1 
.06 6.65 33.6 1.23 1.23 1011(2) | 6 
02 6.9 34.8 1.18 1.18 1014 | 6 
10 7.52 38.0 1.09 1.08 2023 | 6 
18 796 40.2 1.04 1.05 2130 6 
.02 8.1 41.0 1.02 1.03 2131 12 
1.01 1124 6 

2132 
12 8.41 42.6 .98 97 1015 18 
94 1012(2) 6 
01 | 8.83 44.8 .93 92 1010(3) 3 
10 | 9.15 46.2 90 89 2133 12 

3032 
.06 9.48 48.0 87 87 0001 (3) 7 

1016 
.02 9.90 50.2 .83 83 2035 | 12 

1011(3) 

82 { 2134 18 
.80 1120(2) 3 
.06 10.95 55.4 77 717 3140 6 








with definite orientations. Several such photographs were taken, the 
measurements of three of which are given in Table IX. The crystais 
were formed by vacuum distillation, and were about 2 mm. in diameter. 
The first was mounted with its basal plane (o001) parallel to the rays, 
and rotated slowly about an axis normal to 1210, for about 30° on each 
side of the center.! 


1 The reflection from 1010 should not have appeared on this plate. It was very faint, but 
clearly visible on both sides, and was probably due to a twin upon roI1, a small portion 
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The second crystal was mounted so as to rotate about the same axis 
as the first, but with 1o1o parallel to the rays at the start. The third 
was mounted with 1120 parallel to the rays, and rotated about an axis 
normal to 1100. The patterns obtained in these photographs differed 
from those of the single iron crystals in containing reflections from 
many more planes, corresponding to the greater complexity of the 
hexagonal system. Molybdenum rays were used, filtered through .037 
cm. of zircon, so that the spectrum consisted of a single line. 

The lines reflected in the horizontal plane, which appeared on the 
three photographs, are given in Table IX. The ooo1 reflection was 
very strong on the first photograph, and on three additional photographs 
which were taken to make certain its identity. Its absence in all the 
powder photographs must be due, therefore, to the much greater relative 
intensity of the reflections from other forms, containing many more 
planes. These forms reflect not only the lines but the unabsorbed part 
of the general spectrum, causing a fog over the plate that obscures weak 

















lines. 
TABLE IX. 
— Crystal 1. | Crystal 2. " | ¥ - Crystal -_ 
Position | Spacing| Indices Position| Spacing| Indices | Position | Spacing Indices 
of Line. of Plane.) of Plane. | of Line. |of Plane. of Plane. | of Line. of Plane.) of Plane. 
3.10 | 2.59 | 0001 | 2.90 | 2.75 | 1010 | 5.02 | 1.60 | 1120 
2.90 | 2.75 | 1010 | 3.10 2.59 | 0001 | 5.50 | 1.48 1021 
3.30 | 2.44 | 1011 | 3.30 2.44 1011 6.0 | 1.36 1122 
4.20 | 1.90 | 1012 | 605 | 1.34 | 2021 | | 
5.50 | 1.48 | 1013 8.92 0.92 1010(3) | 
6.27 | 1.30 | 0001(2) | 5.9 | 1.38 | 1010(2) | | 


The lines tabulated in Table IX., and all the others which appeared 
on these photographs, are the ones which should appear, with the excep- 
tions mentioned in the above note. 

The evidence seems sufficient that the assumed structure is correct, 
viz., that the atoms of magnesium are arranged on two interpenetrating 
lattices of triangular prisms, each of side 3.22 A. and height 5.23 A., 
with one atom at each corner, the atoms of one set being in the center 
of the prisms of the other. 

SODIUM. 

The first photographs of sodium were of rods, about 1 mm. in diameter 

and 1 cm. long, cut from an old sample that had been in the laboratory 


of which was included in cutting the crystal from the mass of other crystals upon which 
it grew. A second specimen mounted and photographed in the same manner did not show 
this line. Similar twinning must account for the ooo1 reflection shown by crystal 2, and 
1013 by crystal 3. , 
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several years. These rods were placed in sealed glass tubes, and exposed 
to molybdenum rays. They gave intense reflections, of a pattern which 
indicated that the lump from which the samples were cut was a single 
large crystal. 

Several unsuccessful attempts were then made to obtain finely divided 
crystals of sodium. Distillation in vacuum into the thin-walled tube 
which was to be photographed was found impossible. Several different 
glasses and pure silica tubing were tried. The sodium always ate through 
the tube wall before it could be coaxed into the narrow tube. Melting 
the distilled sodium so that it flowed into the tube resulted in an amorph- 
ous condition, which gave no lines at all. It is probable that distillation, 
had it succeeded, would have given the same result, for potassium distilled 
in this way was found to be completely amorphous. Shaking in hot 
xylol gave a beautiful collection of tiny spheres, but these too were 
amorphous, and annealing for 16 hours at go° C. failed to produce any 
appreciable crystallization. Crystallization from ammonia solution gave 
a black mass, from which it was difficult to separate the pure sodium. 
Fairly good photographs were obtained with fine shreds, scraped from — 
the lump, with a knife, under dry xylol, and packed in a small glass tube. 

A satisfactory sample was finally prepared by squirting the cold 
metal through a .o1 cm. die, and packing the fine thread, with random 
folding, into a 1 mm. glass tube, which was immediately sealed. The 
sample from which this was taken was about two months old, and was 
apparently only slightly crystallized, so that only a few lines were visible, 
on the dense continuous background due to the amorphous part. Two 
photographs, taken under the same conditions as the preceding, with 
exposures of 4 and 14 hours respectively at 30 k.v. 27 milliamperes, gave 
identical lines, which are tabulated in Table X. 








TABLE X. 
Sodium. 
intensley of | Te a . Spacing of Planes in 
Center. Line 20. ngstroms. | Indi Number of 
—_—— —___—_—_|- ee os of Cooperating 
Experi- | Theoretical : Planes. 
Estimated | Cm. Degrees. mental. (Centered 
Cube). 
1.00 | 266 | 13.38 3.05 | 3.04 110 6 
10 | 3.78 | 19.06 2.15 2.15 100 3 
40 4.66 | 23.36 1.76 1.76 211 12 
10 5.38 27.04 1.52 1.52 110(2) 6 
.08 6.03 | 30.26 1.36 1.36 310 12 
.02 6.57 33.40 1.24 1.24 111 | 4 
05 (7.18 | 36.0 115 | = 1.45 32 | _24 
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These seven lines, which are the only ones that appeared on any of 
the sodium photographs, agree perfectly with the theoretical spacings of 
a centered cubic lattice, of side 4.30 A., and cannot be made to fit any 
other simple type of lattice. 
The number of atoms per elementary cube is 


_ 0.970 X 4.30% _ 


"= 22.8 X 1.663. 7° 


which is as close to the required number, two, as the data would warrant. 

The evidence is sufficient, I think, in spite of the limited number of 
lines, to show that the atoms of sodium, when in its crystalline form, 
are arranged on a lattice whose unit of structure is a centered cube, of 
side 4.30 A., with one atom at each corner and one in the center of the 
cube. The tendency to form this regular arrangement is, however, 
very slight, corresponding to a small difference between the potential 
energies of the crystalline and amorphous states. This fact is important 
for the determination of the structure of the sodium atom. 

The structures of the elements thus far described have been deter- 
mined with considerable certainty. The three following have been 
only partially determined, but are included as examples of the possi- 
bilities, as well as the difficulties, of the analysis. 


LITHIUM. 


The structure of lithium is of special interest because, on account of 
the small number of electrons associated with each atom, it may be 
expected to yield valuable information regarding the arrangement of 
these electrons around the nucleus. The analysis is difficult, however, 
on account of the complete lack of crystallographic data, the slowness 
of crystallization, and the difficulty of obtaining pure metal. 

It was first attempted to distill lithium in vacuum, for the double 
purpose of purification and of obtaining small crystals. Various methods 
of heating the metal were tried, such as a tungsten spiral with the lithium 
ribbon lying in its axis, a molybdenum cup heated externally by electron 
bombardment, etc., but without success. The metal reacts violently 
with glass and silica at temperatures far below those at which its vapor 
pressure is appreciable. 

Two samples were used. The first was prepared by electrolysis of 
pure lithium chloride, in a graphite crucible, and probably contains 
little impurity except carbon. A small lump was rolled, between steel 
surfaces, into a cylinder 2 mm. in diameter, and sealed in a glass tube. 
It was exposed, in the same manner as the previous crystals, for 7 hours 
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to molybdenum rays at 40 k.v. and 6 milliamperes, and gave the lines 
tabulated in Table XI. 
TABLE XI. 
Lithium. 


| Distanceof! Angular 


Intensity of Line from Deviation of 


Spacing of Planes in 











essai | — 2 ee —— nik commen s = Indices of Number of 
| ; Form. Cooperating 
‘ Experi- Theoretical Planes. 
Estimated. | Cm. Degrees. mental. (Simple 
Cube). 
3.50 | 100 3 
70 | 3.20 16.50 2.50 248 | 110 6 
1.00 | 3.96 | 20.44 2.02 2.02 111 4 
05 4.61 | 23.4 1.75 1.75 | 100(2) 3 
| 156 | 210 12 
40 | 5.62 | 29.0 143 | 143 «| 211 12 
02 6.5 | 33.6 1.24 | 1.24 | 110(2) 6 
oe - - | 221 
.60 | 6.95 35.9 1.17 | 1.17 100(3) 15 
| 110 | 310 
105 | 311 | 12 
10 8.07 | 416 | 1.01 1.01 | = 111(2) 
| Y7 320 12 
| | | 87 100(4) 3 
| | ' 410 
” 322 24 
. _ | : 411 
.05 9.99 51.6 | .83 .83 110(3) 18 
80 331 | 12 
20 10.82 560 | 77 78 | 210(2) | = 12 


The spacings calculated are those of a simple cubic lattice, of side 
3.50 A., and the density of lithium requires that 2 atoms be associated 
with each point of the lattice, viz.: 

y = OE _ 953 X 3-508 
M 689 X 1.663 ~~ 

A centered cubic lattice in which half of the atoms, those belonging to 
one of the two component simple cubic lattices, are oriented oppositely 
to the other half, could probably be made to fit the observations by 
assuming a suitable arrangement of the electrons in the atoms. It is 
more probable, however, in view of the next photograph, that the 
strong lines at 3.96 cm. and 6.95 cm. are due either to an impurity or 
to the admixture of a second form of lithium. All the other lines in 
Table XI. are consistent with a centered cubic lattice, of side 3.50 A., 
with one atom of lithium at each cube corner and one in the center of 
each cube. 
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The second sample was taken from a very old stock of supposedly 
very pure lithium, origin not known. A fine thread was squirted through 
a die and packed into a glass tube, in the same manner as sodium. 
A five-hour exposure to molybdenum rays, at 30 k.v. 27 milliamperes, 
gave only 3 lines, viz., a strong line at 3.22 cm., and two weaker lines 
at 4.60 cm., and 5.46 cm. These are exactly the positions of the first 
three lines of the centered cubic lattice described above, and it is espe- 
cially noteworthy that the line at 4.60 is relatively much stronger than 
on the preceding photograph, and the strong lines at 3.96 cm. and 6.95 
cm. are entirely lacking. One is tempted to consider this last photograph 
as that of pure lithium, since its interpretation is simpler than the pre- 
ceding, and it gives to lithium the same structure as sodium. The num- 
ber of lines is too small, however, to justify this conclusion, and further 
experiments with purer metal are needed. 


NICKEL. 

Specially purified nickel wire was melted in vacuum and cast in a 
lump. Filings from this lump were placed in a small cell 2.5 mm. thick, 
and exposed 4 hours to tungsten rays, produced at 110,000 volts, I 
milliampere, filtered through .015 cm. of tantalum. The photographic 
plate was placed 15.7 cm. from the crystal, at right angles to the beam of 
X-rays. The lines obtained are tabulated in Table XII. 


TABLE XII. 





Nickel. 
: mont 
Intensity of | atest peviition of  SPacing of Planes in | 
: Center. | Line 20. Angstroms. | Number of 
~~ - nie of |CoGperating 
} ‘ _| Theoretical orm, Planes. 
Estimated. Cm. | Degrees. mee” eee | (Centered 
| Cube). 
Very strong....| 1.70 | 6.17 1.95 1.95 | 110 | 6 
| | 242 | 8.75 1.38 | 1.38 100 3 
Strong........ | 2.97 | 10.70 1.13 | 1.13 211 | 12 
Medium....... | 3.42 | 12.25 .98 .98 110(2) | 6 
Faint.........| 3.80 | 13.60 39 | 87 310 | 12 
| | 79 m i ~¢ 
Strong........ | 4.58 | 16.28 74 | 74 321 | 24 


The spacings agree perfectly with those of a centered cubic lattice, 
of side 2.76 A., with one atom of nickel at each cube corner and one in the 
center of the cube. Taking the density of pure nickel as 9.00, which 
is probably too low, the number of atoms associated with each elementary 
cube is 
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_ pd 9.00 X 2.768 


"=M 58.2 X 1.663. 9 


which is as close to the required value, 2, as the data will warrant. 
Three other photographs, one of a thick electrolytic deposit on very 
thin nickel foil, the other two of a 2 mm. nickel rod of unknown origin, 
gave quite different lines. The electrolytic deposit was exposed but a 
short time, and gave 4 lines, at 1.64, 1.89, 2.70 and 3.14 cm. corresponding 
to spacings of 2.01, 1.76, 1.25, 1.07 respectively, which are exactly the 
spacings of the first four lines of a face-centered cube, of side 3.52 A. The 
number of atoms associated with the elementary cube is 
9 X 3-52! 
58.2 X 1.663 





= 4.02, 


which is correct for a face-centered cubic lattice containing one atom 
of nickel at each cube corner and one in the center of each face. 

The other two photographs, of the nickel rod of unknown origin, 
contained the lines of both the preceding ones, but only these lines. It 
was presumably a mixture of the two crystalline forms of nickel, repre- 
sented by the two preceding specimens respectively. 

The evidence is very strong, therefore, that nickel crystallizes in two 
different forms, one a centered cubic lattice, like iron, and the other a 
face-centered cubic lattice, like copper. The relation of the magnetic 
and mechanical properties to these crystalline changes has not been 
studied, and the above analysis is to be regarded as only preliminary. 


GRAPHITE. 


Several photographs of both natural and artificial graphite have 
been taken. The natural graphite was in large flakes, obtained from the 
Dixon Crucible Company. The artificial graphite was a very fine 
powder, furnished by the Acheson Company. Both had been heated to 
3500° C. in a special graphite furnace to remove impurities and ash. 

The natural graphite, either in large flakes or where pressed into a 
glass tube, gave very unsymmetrical photographs, showing the pre- 
dominance of certain orientations of the crystals. By forcing it through 
a copper gauze of 100 meshes to the inch, a powder was obtained which, 
when packed in a glass tube and kept in rotation, gave very regular and 
symmetrical photographs. The lines in these photographs were identical 
with those in the photographs of artificial graphite, showing that the two 
are identical in crystalline structure. One of these photographs, obtained 
from a 16-hour exposure to Mo rays at 34,000 volts and 16 milliamperes, 
is reproduced in Fig. 11, and the lines, together with the calculated 
spacings, are tabulated in Table XIII. 
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100 
30 
60 

1 
3 
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35 
50 


15 


on 
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Distance of 


Line from |Deviation of 


Center. 


Angular 
ine. 





Cm. 


2.40 
3.84 
3.99 
4.47 
4.81 
5.21 


6.65 
7.09 


7.82 


8.31 


10.06 
10.41 


11.85 


| Degrees. 





12.16 
19.46 
20.20 
22.60 
24.34 
26.38 


33.70 
35.90 


39.60 


42.10 


51.0 
52.8 


60.0 
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TABLE XIII. 


Experimen- 
tal. 


3.37 
2.11 
2.03 
1.81 
1.690 
1.560 


1.227 
1.155 


1.050 


.990 


827 
.800 


712 


Graphite. 





Spacing of Planes in 
ngstroms. 


Theoretical. 
3.37 
2.12 
2.02 
1.80 
1.685 
1.544 
1.318 
1.227 
1.152 
1.138 
1.124 
1.062 
1.048 
1.008 
= 
.990 
.960 
.897 
.877 
.842 
833 
.829 
{ .802 
797 
783 
.780 
dd 
.756 
725 
iS 
{ .708 
.708 
{ .696 
.693 
.690 
.674 
{ .674 
.660 
.654 
{ .654 
.644 
.616 
{ .616 
.612 
{ .612 











Indices of 





Form. 


Number of 
Co perating 
Planes. 





0001 
1010 
1011 
1012 
0001 (2) 
0013 
1014 
1120 
1122 
1015 
0001 (3) 
1010(2) 
2021 
1011(2) 
1016 
1124 
2023 
1012(2) 
1017 
0001 (4) 
2025 
1126 
2130 
2131 
1018 
2132 
1013(2) 
2133 
2134 
2027 
1010(3) 
1019 
1128 
3032 
2135 
1011(3) 
0001 (5) 
1014(2) 
3034 
2136 
10110 
2137 
1120(2) 
2029 
2241 
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TABLE XIII.—Continued. 














> 
on of Distance of 5 Anuar J Spnsteg of Planes in i 
- Center. Line. | Angstroms. a Indices of | Number of 
aes | dpi : ——— Form Cooperating 
‘ 4 | Planes. 
Estimated. | Cm. Degrees. | Experimen-| Theoretical. | | 
| | | 603 | 1121 12) 6 
| 598 | 1012(3) 6 
| 592 | 2243 | 6 
2 |. 1637 73.8 .592 { i 
| ws |. 592 i 11210 6 








The crystallographic data regarding graphite is very meager and un- 
certain, and in attempting to guess its crystalline structure one has an 
embarrassing freedom of choice, both of crystal systems and of axial 
ratios and angles. The only guiding principles, apart from the lines in 
the photograph are, first, that the true structure is probably very simple 
and symmetrical, since all its atoms are alike, and second, that the nearest 
approach of adjacent atoms cannot be very different from that in 
diamond. 

The structure whose spacings are tabulated in Table XIII. fits the 
experimental data best of all that have been tried, and seems capable, 
when account is taken of the internal structure of the atoms, of explaining 
all the observed intensities of the lines. It is a hexagonal structure, 
composed of four simple lattices of triangular prisms, each of side 2.47 
A. and height 6.80 A., the atoms of the third lattice being directly above 
those of the first at a distance of one half the height of the prism, those 
of the 2d and 4th lattices being above the centers of alternate triangles 
of the first, at distances 1/14 and 8/14 respectively of the height of the 
prism. The coérdinates of the atoms are: 


mM, n, pe, 
m+ 4, n+ %, (p + 1/14)c, 
m, n, (p+ Wc 


m + 2%, n +5 iy, (p + 8/14)c, 
where m, n, and p have all possible values and c, the axial ratio, is 2.75. 
The ooo1 planes are thus arranged in pairs, similar to the 111 planes in 
diamond. The distance between nearest consecutive planes, and be- 
tween atoms in each plane, 48 A. and 2 47 A. respectively, are slightly 
less than their values .51 and 2.52 for diamond, and the nearest approach 
of atoms is 1.50 A. as compared to 1.54 for diamond. This closer ap- 
proach of the atoms in graphite would indicate chemical stability. The 
distance between consecutive pairs of planes, however, is much greater, 
Viz., 3.40 A. in graphite, than its value 2.06 A. in diamond, which accounts 
for the extreme ease of basal cleavage and gliding in graphite. 
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The agreement between experimental and calculated spacings in Table 
XIII. is well within the limit of the experimental error, which is about 
I per cent. Every experimental spacing is accounted for, the first 12 
with certainty, the last 7 with some ambiguity on account of the large 
number of theoretical spacings. The absence of reflection from planes 
such as 1014, 1015, the second orders of 1o1o0 and 1o11, and the third and 
fourth orders of 0001, is dependent not only on the positions, but on the 
internal structure of the atoms, and cannot be interpreted except in 
conjunction with a study of this internal structure, which will be under- 
taken as soon as accurate photographic measurements can be obtained. 

The structure given above has the lowest symmetry of any elementary 
substance yet studied. It may be that the essential elements of the 
hexagonal lattice can be more simply represented by a monoclinic or 
triclinic, or possibly an orthorhombic lattice, though efforts in this 
direction have so far been unsuccessful. 


DIAMOND. 


The crystal structure of diamond has been completely determined by 
the Braggs,' and confirmed by numerous observers. Comparison of the 
results of these investigators with those obtained from a powder photo- 
graph will therefore serve as an excellent check upon the latter. In 
addition, the powder photograph of diamond has a merit of its own, for 
it furnishes evidence not hitherto available regarding the internal struc- 
ture of the most interesting of all atoms. The photographs taken thus 
far are not suitable for photometering, but arrangements are complete 
for taking such photographs, and for measuring the intensity of the lines. 

Several photographs of diamond have been taken, under varying 
conditions, with identical results, as regards position and relative inten- 
sity of lines. Fig. 12 shows the result of a fifteen-hour exposure to Mo 
rays at 30,000 volts, 35 milliamperes, with zircon filter of 0.37 mm. A 
very thin wall glass tube of special lithium boro-silicate glass, 2 mm. in 
diameter, was filled with diamond powder, obtained by crushing some 
old dies in a steel mortar. This powder was mounted on the spectrom- 
eter table, concentric with a wooden disc 10.27 cm. in diameter, upon 
which Eastman X-ray film was fastened in a complete circle, except for a 
5 mm. hole where the rays entered. The collimator slits were about 1.5 
mm. wide, and the distance from X-ray target to powder was approxi- 
mately 35 cm. Only one half of this film, corresponding to angles of 
diffraction from 0° to 180°, is shown in Fig. 12. Twenty-five of the 
possible 27 lines are visible in the photograph, the last two being obscured 
by the dense fog. 


1 X-Rays and Crystal Structure, p. 102 ff., Proc. Roy. Soc. A., 89, 277. 
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TABLE XIV. 


Diamond. 





SECOND 
SERIES. 















































intensity of yoy al Aaa Spacing of Planes in 
Center x Line 20. Angstroms. 
Estimated. Cm. Degrees. Experi- Theoretical. 
mental. 

1.00 1.80 20.06 2.05 2.06 
.50 2.96 33.0 1.26 1.26 
-40 3.49 39.92 1.072 1.075 
10 4.26 47.4 885 .890 
ao 4.66 52.0 .813 817 
40 5.54 59.2 721 .728 
.20 5.66 63.0 .680 .683 
10 6.22 69.4 .625 .630 
.20 6.54 73.0 .597 .602 
Ri 7.10 79.2 .558 .563 
.06 7.43 82.8 .538 .543 
.03 7.98 89.0 .507 213 
.08 8.24 91.8 496 498 
.20 8.76 97.6 473 .476 
15 9.06 101.0 462 463 
005 9.70 | 107.6 442 445 
.003 10.00 113.2 432 435 
12 10.52 116.8 417 .420 
.08 10.84 120.8 .409 All 
.05 11.50 127.6 .397 .397 
.08 11.84 132.0 
.02 11.93 132.8 } — 591 
.05 12.54 139.8 
01 12.70 =r, 378 379 
.05 13.00 145.0 
01 13,23 147.2 } a2 ats 
.07 14.00 156.0 \ 

02 14,27 159.0 365 65 
.20 14.83 165.4 \ 
.06 15.35 171.2 358 | 356 





Indices of 


Form. 


211 
pane 
511 
110(2) 
531 
310 
533 
111(4) 
= 
551 
321 
(— 
553 
100(4) 
733 


pe 

110(3) 

hee 
111(5) 
210 


ona 
911 


332 
931 


211(2) 


933 
755 
771 


311(3) 





Number of 
Cooperating 
Planes. 


12 


12 
12 


16 
24 


12 
12 


24 


24 


36 


12 


18 


28 
12 


36 
12 


24 


12 


48 


The lines and the corresponding spacings are tabulated in Table XIV., 


The agreement is absolute. 


and compared with those required for the lattice which has been assigned 
to diamond by the Braggs. 
noted that for the larger deviations the doublet of the molybdenum 
radiation is clearly resolved. 


It will be 
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HIGH FREQUENCY X-RAYS. 


THE CRITICAL ABSORPTION OF SOME OF THE CHEMICAL 
ELEMENTS FOR HIGH FREQUENCY X-RAYS. 


By F. C. BLAKE AND WILLIAM DUANE. 


T has been known for a long time that marked increases in the absorp- 
tion of X-rays by a chemical element take place at frequencies close 
to the frequencies of the characteristic X-rays of that element. The 
coefficient of absorption of the element is much greater on the high- 
frequency side of the characteristic X-radiation than on the low frequency 
side. In the K series of the characteristic rays of an element the a 
lines are much stronger than the 8 and y lines, but the frequencies of the 
6B and y lines lie above those of the a@ lines. It would be natural to 
suppose that a marked change in the absorption would occur near the 
frequencies of the a@ lines, for most of the energy of the characteristic 
rays is radiated in these lines. Such, however, does not appear to be 
the case. The curves representing the relation between the coefficient 
of absorption of a few of the elements and the frequency of the X-rays 
presented by one of us! to the American Physical Society in October, 
1914, showed that marked increases in the absorption occurred at 
frequencies considerably above those of the @ lines and near those of 
the 6 lines. Subsequently Bragg? made some more accurate measure- 
ments of the absorption of X-rays by different elements, and came to 
the conclusion that the critical absorption frequency lay at or above that 
of the y line in the K series. The vy line has a frequency about 1 per 
cent. higher than that of the 8 line. 

Marked increases in the absorption of the X-rays by a chemical 
element also occur in the neighborhood of the Z characteristic lines of 
the element. Here, however (as de Broglie has shown), there are three 
characteristic frequencies at which sharp changes in the absorption occur. 
These appear to correspond to the three critical emission frequencies 
recently observed by Dr. Webster and Dr. Clark.* 

We recently made an accurate measurement of the value of 4 by means 
of X-radiation.* One of the chief sources of error (amounting in some 


1 William Duane, The Relations between the Wave-Length and Absorption of X-Rays. 
2 Phil. Mag., March, 1915, p. 407. 

3 PHYSICAL REVIEW, June, 1917, p. 571. 

4 Blake and Duane, Puys. REv., Dec., 1917, p. 624. 
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cases to 2 per cent.) which we found in measuring the X-ray wave-lengths 
arose from the penetration of the X-rays into the crystal. The correction 
for this penetration must be made, if the method of using the X-ray 
spectrometer involves the measurement of the angle made by the reflected 
beam with the zero line or with its position on the other side of the zero. 
In the methods in which the positions of the reflected beam are deter- 
mined by the marks it makes on a photographic plate this correction 
must be made. It must be applied, also, in some, but not necessarily all 
of the ways of using the spectrometer in which the ionization currents 
due to the reflected rays are measured, as Blake and Duane pointed 
out (I. c.). 

If the square roots of the frequencies of the characteristic lines in the 
K series of different elements are plotted against the atomic numbers of 
the elements, the points lie on curves which in certain regions approximate 
to straight lines. They become markedly curved, however, in the neigh- 
borhood of the K radiation of bromine. The plots published by Moseley 
in his classical paper on this subject indicate this curvature very clearly. 
It appeared from our work on the value of # that the absorption of 
X-rays by the crystal itself, if not corrected for, would produce a curva- 
ture of these plots in the observed direction and of about the observed 
order of magnitude. Partly on this account, and partly on account of 
the great importance of measuring the highest frequencies that are 
known to be characteristic of the elements as accurately as possible, we 
undertook the research recorded in this paper. 

We began by measuring the K characteristic absorption frequencies 
of the elements from bromine to cerium. The characteristic rays of 
cerium have frequencies that are nearly as high as the maximum fre- 
quencies of the X-rays that we can produce by means of the storage 
battery of 20,000 cells, which we have used to generate the X-rays. 
In measuring the frequencies we have employed the spectrometer which 
we used in measuring the value of 4, when we obtained the value of 
h = 6.555 X 1077. 

Since in this work we have to measure X-rays of widely different wave- 
lengths, and, therefore, of widely different coefficients of absorption, 
and, since the correction for the penetration into the crystal depends 
upon the wave-length, we adopted the method of using the spectrometer 
which gives readings that are independent of this penetration. In this 
method the X-rays pass through two narrow slits in lead disks before 
they reach the reflecting crystal of the spectrometer. These slits deter- 
mine the breadth of the beam of the X-rays, and, therefore, the variation 
in the wave-lengths of the rays in the beam reflected from the crystal. 
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A third slit lies in front of the ionization chamber, and must be broad 
enough to allow the entire reflected beam of X-rays to enter the chamber. 
Evidently in this case the ionization current does not depend upon the 
position of the ionization chamber, provided, only, that the entire X-ray 
beam passes through the slit. The angle between the two positions of 
the crystal planes for reflection on both sides of the zero line gives us 
twice the glancing angle of incidence, @, which is used in calculating the 
wave-lengths by means of the formula 
X = 2a sin 0 = 6.056 X 1078 sin 6 cm. 


If we make measurements of the ionization current for different 
settings of the crystal, and if we plot these currents as a function of 
the readings of the verniers, we get a curve that rises from zero at a 
certain point, reaches a maximum and then descends again. Such 
a curve representing the general X-radiation was published in the original 
paper by Duane and Hunt,' in which they showed that the point at 
which the curve begins to rise fulfills the quantum relation 


Ve = hy, 


V being the constant potential applied to the tube, e the elementary 
charge, i Planck’s action constant and » the frequency. 

If we place a thin sheet of some chemical element in the path of the 
X-ray beam, the ionization current corresponding to every position of 
the crystal will be reduced. At a certain angle, however, corresponding 
to the characteristic absorption of the element a marked change in the 
ionization appears; for at frequencies above this characteristic frequency 
the thin sheet of the element absorbs much more of the radiation than 
at frequencies below it. Further, if the gas in the ionization chamber 
happens to have a characteristic X-ray frequency in the region covered 
by the curve, there will also be a marked change in the ionization current 
at the angle corresponding to this frequency: for, as is well known, 
ionization produced by X-rays having a frequency just above the char- 
acteristic lines is much greater than that due to X-rays having a frequency 
just below it. 

The curve of Fig. 1 represents the ionization current in methyl iodide 
as a function of the reading of one of the verniers attached to the crystal 
table, and therefore, approximately of the wave-length. In this case 
a thin sheet of antimony was interposed in the path of the beam. The 
zero reading lies to the left of the portion of the curve shown. Near the 
angle 286° 50’ the curve begins to rise and this is the point for which 
the quantum relation holds 

Ve = hv. 


1 Duane and Hunt, Puys. REv., Aug., 1915, p. 166. 

























SECOND 
700 F. C. BLAKE AND WILLIAM DUANE. Sunme. 


As the reading of the vernier decreases corresponding to an increase in 
the angle measured from the zero, the wave-length of the reflected beam 
of X-rays increases, and the curve rises, indicating that X-rays of these 
wave-lengths are produced. As we pass across the frequency of the 
characteristic rays of iodine a sharp drop occurs in the ionization current. 
The X-rays of longer wave-lengths than this characteristic wave-length 
do not excite as much ionization as those of shorter wave-lengths. Pro- 
ceeding further we come to the point representing the critical absorption 
of antimony. Here there is a marked increase in the value of the current, 
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Fig. 1. 





because X-rays of longer wave-lengths than this characteristic wave- 
length are not absorbed as much as those of shorter wave-lengths. 

Evidently these marked changes in the ionization current furnish a 
means of accurately estimating the characteristic absorption frequencies 
of the elements for X-rays. 

In practise we did not measure the angle from the zero of the instru- 
ment but we took curves on both sides of it, and measured the crystal 
table angles from one side to the other, thus eliminating the determination 
of the zero and increasing the accuracy of the measurements. 

Fig. 2 represents a number of such measurements. The readings 
were taken in the immediate neighborhood of the characteristic absorp- 
tion. The two slits between the X-ray tube and the spectrometer 
crystal were so narrow, and consequently the range of the wave-lengths 
in the beam was so small that the entire change in the ionization current 
representing the change in absorption took place within a variation of the 
angle @ of less than 3’ of arc. 
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We have assumed that the center of the rapidly rising portion of the 
curve corresponds to the characteristic absorption for the X-rays at the 
center of the X-ray beam. By drawing curves on a sufficiently large 
scale we think that we have been able to determine the angle correspond- 


__ 





ee | —0,/0 — 











i" Zirconium 0-2 6°30'S5" F, 
wa —_—v —d 
283° —_—~ 296° 
oe —as— = ~—— 
\ Falladium On24°48'25 I $ 
7. = 30 40 so" 
265° oo 294° 
. —06— 

_s ] 

Antimony O=3° 50'S” | 
—0.2— grt tg 

” 265° cman #93° 
— 
Mi a 
\ a." | 
6=3° 7' 50" | 
| ——— + 
Ps 
So 98 a —°* — 6 — hor — 
286° 292° 

Fig. 2. 


ing to the center of this line to within about one sixth of 1’._ This repre- 
sents an error of one part in 1,100 about for barium, of one part in 2,300 
about for zirconium, etc. 

The table contains the results of our measurements for all the known 
elements between bromine and cerium, both inclusive, with the exception 
of the two gases xenon and krypton. 

The values for bromine and iodine were obtained not by using bromides 
and iodides as absorbing materials, but by putting ethyl bromide and 
methyl iodide in the ionization chamber and measuring the ionization 
current without any absorbing material. The fact that the values ob- 
tained fall accurately on the curve proves that this is a legitimate method 
of procedure within the limits of error of our measurements. 

The curve of Fig. 3 represents the square root of the characteristic 
absorption frequency as a function of the atomic number plotted from 
our measurements. The-values obtained by de Broglie! and by Wagner? 
are also plotted in the figure. We think that the difference between 
de Broglie’s values and ours is due to the fact that no corrections for the 
penetration of the rays into the crystal are necessary in our method of 
measurement. In de Broglie’s method, on the other hand, in which 


1Comp. Rendu, July, 1916, p. 87. 
2 Ann. d. Phys. 46, 1915, p. 868 
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TABLE I. 
Element. | Atomic 6. | (Wagner) (de Broglie) Shanweet =e 
ee | ALU. A. u. A.u. | A.U. 
a —— Boas 
Cerium........| 58 | 2-54-30 | .2979 .3073 .3070 
Lanthanum....| 57 | 3-1-5 3188 3186 
Barium....... 56 3— 7-50 | | 3249 .3307 .3308 
Caesium..... 55 3-15-35 | .3444 .3438 
pO eee } S4 | | 3575 
Iodine.........| 53 | 3-31-40 | | .3666 3727 3721 
Tellurium... .. | 52 | 3-41-20 | .3829 .3896 .3876 
Antimony..... | 51 3-50-55 | 3985 4065 4041 
_ eee | SO |4 1-0) 425 4188 4242 4217 
Indium........| 49 | 4-11-55 | 4434 4404 
Cadmium......| 48 | 4-23-10} .468 .4580 4632 4604 
| 47 | 4-35-35 | .490 4793 4850 4819 
Palladium. .... 46 | 448-25/ 513 .5029 5075 .5048 
Rhodium...... 45 | 5- 2-40 5324 5294 
Ruthenium....| 44 5-17-25 5584 5559 
eS ; 43 5844 
Molybdenum..| 42 | 5-51-25 6113 .6180 6151 
Neobium...... | 41 | 6 9-50 .6455 .6503 .6484 
Zirconium.....| 40 | 6-30-55 .6813 .6872 6844 
Yttrium....... | 39 | 6-52-50 7255 7235 
Strontium..... 38 + 7-18-— 5 .7641 .7696 .7660 
Rubidium..... | 37 | 7-43-40 .8095 8143 8125 
Krypton.......| 36 | .8632 
Bromine.......| 35 | 8-43- 5 | 926 | .9139 .9179 .9189 
| | 
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the wave-length is calculated from the angle made by the reflected beam 
measured to a line on a photographic plate, such a correction must be 
made (at least for X-ray wave-lengths lying in the region under con- 
sideration). The magnitude of the difference between our values and 
those of de Broglie is just about the correction that would have to be 
applied, if the crystal face lay in the axis of rotation of the spectrometer. 
This correction has been fully explained in the article by Blake and 
Duane referred to. The increase in the difference between the two sets | 
of values with increasing frequencies of the X-rays is what one would 
expect, for the high frequency X-rays penetrate further into the crystal / 
than the low frequency ones, and therefore a larger correction must be 
made for them. 

The relation between the square root of the frequency of the char- 
acteristic rays and the atomic number is approximately a straight 
line relation. Moseley’s original measurements of the a and 6 wave- 
lengths indicate this. As stated above, however, they also show a de- 
parture from the straight line relation in a certain region. This departure 
occurs exactly where one would expect it to, if no correction were made 
for the penetration of the rays into the crystal. 

Our values of the critical absorption frequencies, which are the highest 
frequencies known to be characteristic of the elements (higher even than 
the frequencies of the a and @ lines measured by Moseley) fall more 
nearly on a straight line than Moseley’s values do. It is possible to 
draw a straight line near the points representing our data such that no 
point will lie as far from it as one fifth of one per cent. of its ordinate. 
There is, however, a systematic variation of the points from this straight 
line, which indicates that our values really lie on a line that is very 
slightly curved. 

The fact that after using our method of automatic correction for the 
penetration of the rays into the crystal we get points that lie so nearly 
on a straight line raises the question as to whether there may not be 
some other correction, which we have not thought of, and which, if 
applied, would make the line perfectly straight. 

As is well known equations can be written out containing Rydberg’s 
fundamental frequency as a coefficient, that approximately represent 
the frequencies of the characteristic lines of the elements as functions of 
the atomic numbers. It is interesting to note (see next-to-last column 
of the table) that the equation 


vy = v(N — 3.5)? 


in which yp is the Rydberg fundamental frequency (namely 109,675 
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multiplied by the velocity of light), represents with considerable accuracy 
our experimental results. In this equation N stands for the atomic 
number of the element, and the only constant determined by the X-ray 
experiments is that in the parenthesis, namely 3.5. It is interesting, too, 
to note that this equation gives us the correct value for the nuclear charge 
as worked out by Sanford! from the assumption of equality between 
orbital and vibration frequencies. For we have 


2m°e4m 
y= —, (NW - 3-5) 





and Q, the nuclear charge, fulfills the equation 


Q? oh? 2h*v 


we = re? * 





Eliminating v we get at once Q = 2e(N — 3.5), an equation that mani- 
festly holds to the accuracy shown in the table for the elements there 
shown. Thus it would appear that a knowledge of the position of the 
X-ray absorption lines, which corresponds to the head of the emission 
line series leads to results that are more fundamental than a knowledge of 
the position of the principal emission lines can. 

It is hoped to extend the measurement to elements of higher and lower 
atomic number than those included in this paper. 

HARVARD UNIVERSITY. 


1 PHYSICAL REVIEW, May, 1917, Pp. 383. 























FERROMAGNETIC SUBSTANCES. 


ON A MOLECULAR THEORY OF FERROMAGNETIC 
SUBSTANCES. 


By K6tTARO HONDA AND JuUNzO OKUBO. 


INDEX TO PARAGRAPHS. 
. Historical. 
. Calculation of internal force due to a group of elementary magnets. 
. Magnetization of a single complex. 
. Deduction of the curve of magnetization. 
. Residual magnetism and hysteresis phenomenon. 
. Calculation of the hysteresis-loss by magnetization. 
. Effect of temperature on magnetization. 
. Molecular field introduced by Prof. P. Weiss. 
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§ 1. HISTORICAL. 


According to the Ampére-Weber theory of magnetism, the molecules 
of a ferromagnetic substance are all small magnets, the axes of which 
in an unmagnetized state, are turned uniformly in all directions, so that 
as a whole no magnetic polarity is observed. These magnetic molecules 
are believed to exert directive force upon one another. If an external 
force acts on the substance, the molecules tend to turn their axes in the 
direction of the field in opposition to the mutual directive force. With 
the increase of the field, the axes of the magnetic molecules are turned 
more and more in the direction of the field; if all the molecules are turned 
in this direction, magnetic saturation is reached. 

The theory was afterward improved by Sir J. A. Ewing in a most 
satisfactory manner by taking into account the magnetic force due to 
the neighboring molecules... He assumed that molecular magnets in 
every microscopic crystal are arranged in a cubic space-lattice, corre- 
sponding to the crystalline system of iron, which is the regular system. 
In each minute crystal, all magnets naturally assume one of three 
orientations of stable equilibrium, which are parallel to the sides of the 
space-lattice; but as the directions of the axes of these crystals are dis- 
tributed uniformly in all directions, their external action is as a whole 
zero. If an external field acts on the substance, all the elementary 
magnets in ‘each crystal will tend, as a whole, to turn with their axes in 
the direction of the field, but they are partially prevented from doing so 


1 Phil. Mag. (5), 30 (1891), 205. See also Magnetic Induction in Iron and Other Metals. 
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by action of the mutual force, tending to draw these magnets back to 
their original stable orientation. With the increase of field, the molecules 
will more and more turn in the direction of the field and consequently 
the intensity of magnetization becomes greater, tending to an asymptotic 
value. Though the theory is very simple in its content, it explains 
many observed facts quite satisfactorily, at least qualitatively. 

R. Gans! tried to treat Ewing’s model of molecular magnets mathe- 
matically; but his theory differs essentially from that of Ewing in 
assuming the distribution of the molecular magnets in the substance to 
be quite arbitrary and in considering the magnetic action of its neighbors 
on each molecule to be constant. In Ewing’s model, the mutual action 
is not a constant, but a function of the angle of the rotation of molecules. 
In fact the conclusions from his theory are only a rough approximation 
to the observed facts. 

On the base of Langevin’s theory of magnetism for paramagnetic gas, 
Prof. P. Weiss developed a theory of ferromagnetism,” by introducing an 
assumption that every molecule of the ferromagnetic substance, though 
it is not acted on by any external field, undergoes the action of a uniform 
molecular field of an enormous strength amounting to several ten millions 
of gauss. It is however very difficult to conceive the origin of such a 
molecular field and also to explain the fundamental phenomenon regard- 
ing the induced magnetism by means of his theory. As is well known, 
ferromagnetic elements can easily be magnetized with a field of 100 
gauss to a value of seventy or eighty per cent. of its saturation value. 
If a molecular field of such an enormous strength really acts on each 
molecule, how is such an easy magnetization of the substance in any 
direction possible? Hence it seems now to the present writers very 
probable that the existence of the molecular field as conceived by Weiss 
does not correspond with the facts. 

In what follows, we shall treat mathematically Ewing’s theory of 
magnetism exactly in the same form as put forward by himself and show 
how the conclusions arrived at agree with the facts actually observed. 


§ 2. CALCULATIONS OF INTERNAL FoRCE DUE TO A GROUP OF 
ELEMENTARY MAGNETS. 


According to Ewing’s model, it is assumed that in every minute 
crystal, or ‘‘elementary complex”’ as we shall call it, composing a mass 
of iron, elementary magnets are all arranged in a space-lattice consisting 

1G6tt. Nachr. (1910), 197; (1911), 118. R. Gans a. P. Hertz, Zeitsch. fiir Math. u. 


Phys., 61 (1913), 13- 
2 Arch. des Sci., No. 6, 31 (1911), 401. 
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of squares, but that the axes of these elementary crystals are distributed 
quite arbitrarily in all directions. If no external force acts on the sub- 
stance, the axes of the elementary magnets in each complex take positions 
of stable equilibrium, that is, towards either side of the space-lattice. 
If an external force acts on the substance, the elementary magnets in 
each complex are assumed to turn, as a whole, in the direction of the 
field against the mutual force. The magnetization of the mass of iron 
is then the sum of the magnetizations of all these complexes in the 
direction of the magnetizing field. In order therefore to find the intensity 
of magnetization, it is first of all necessary to deduce the law of magne- 
tization for each complex. 

Suppose we have a group of elementary magnets arranged in the space- 
lattice and with their magnetic axes all parallel to one of the orientations 
of stable equilibrium and an external field acts in the 
plane of the lattice, as shown in the annexed figure. ¥ 


The action on each of these magnets by its neighbors is #: , 





then the sum of their magnetic actions, but we may with yi ee eee a >a 
a fair approximation suppose that the actions of eight 7j,« , 

only of the surrounding magnets are effective and those of i iar x 
the rest negligible. On this supposition it is easy to cal- Fie. 1. 


culate the magnetic force acting on one of these magnets. 

Let 2a be the sides of the space lattice, 27 and m be the length and the 
pole strength of the elementary magnets respectively. We take one 
side of the space-lattice as the axis of y and the other side as that of x, 
the initial direction of the elementary magnets being supposed to coincide 
with the direction of the y axis. 

A pole of each magnet is acted on by 16 poles of the neighboring 
magnets, and, the action of four pairs of poles neutralizing each other 
by symmetry, there remain only the following eight forces: 

Forces between E and P, J and P, F and P, O and P, Q and P, N 
and P, D and P, I and P. 

Now 

EP? = 4(a? + r* — 2ar cos 8), 
JP? = 4(a? + r — 2ar sin 8), 
FP? = 4{2a? + r? — 2ar(cos 0 + sin 8)}, 
OP? = 4(a? + r? + 2ar cos 6), 
QP? = 4{2a? + r + 2ar(cos 6 — sin 6)}, 
NP? = 4{2a? + r? + 2ar(cos 6 + sin 6)}, 
IP? = 4(a? + rf + 2ar sin 6), 
DP? = 4{2a? + r? — 2ar(cos 6 — sin @)}. 








SE 
708 KOTARO HONDA AND JUNZO OKUBO. Socom 


Among the eight forces, those tending to increase @ are: 








— 

JP? 4(a2 + r — 2ar sin 0)’ 

m? to m? 

OP? 4(a? +r? + 2ar cos 6)’ 

me _ m” 

QP? 4{2a2 + r? + 2ar(cos @ — sin 6)}’ 
m? m? 





FP? 4{2a? + r — 2ar(cos @ + sin 6)}’ 


those tending to decrease 6 are: 








a. 
EP? 4(a? + r? — 2ar cos 6)’ 
: = 

IP? 4(a2 + rf + 2ar sin 0)’ 
m? m? 





DP? 4{2a? + r* — 2ar(cos @ — sin 6)}’ 
m? m? 
NP? 4} 27 + r+ 2ar(cos 6+ sin @)}° 











Denoting by X and Y the sum of the components of 
these forces in the directions of x and y respectively, we 
mH have for equilibrium 








oe mH sin (a — 0) = — Ysin@+ X cos @. 
If we calculate X and Y from the eight forces above 
Fig. 2. given and put in the last equation, we get 
H sin (a — 6) = 


m k sin 0 
— 3 lacom (r — B cos? oy 1(E — Pecos 6)? — (1 + p cos 6)! 


k cos 6 R 
+GEPG— pate t+ Paine? — Ge — pain) 





b cos @ — sin 6 
+ a fi — glee 0 + ain yy? {Et + ahcos 6 + cin OP 





a 


k cos 6 + sin 0 
<a _ i i to i anne 
[1 q(cos 6+ sin 6)] j + (1 + 2k?)3 {I ae g’(cos @ sin g)2}3 





{{1 + g(cos 6 — sin 6)]? — [1 — g(cos 6 — sin @)]} | ; 
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where k =a/r, p = 2k/(1 + k?) and gq = 2k/(1 + 2k’). Since a>, 
*-o<p<1and o<q<2. Expanding the right-hand member of 
the above equation in powers of p and gq, we get 


H (sin (a — 6) 
mk3 5 75 p 9f 9 19 
PEs aes ae mst sts Pit) 
vi . 2.2%. A.9.2 
~ (r + 2k?)28 5+2 548 "2 ait )-2-4 


p : tm? g 
ban wa to2 ot -) TG rs 2k)i 
+5 3 f+ +) ] sint20 + +e . 

The right-hand side of the above equation is a function of @ only, 
provided 7, m, a are given. Let us denote it by F(@). If we put 
F(@) = (m/r*)f(0), f(@) contains k only as a parameter. F(@) or f(@) is 
evidently a periodic function of 6, having 7/2 as its period. 

The fact, that the internal restoring force F(@) has a period of 2/2 
follows at once from the following physical considerations: If all the 
magnets in a complex, starting from a given orientation, turn through a 
right angle, the mutual action between the molecules must remain 
unchanged on account of the property of the square space-lattice, and 
hence F(@) must be a periodic function of 7/2. In an orientation of 
stable equilibrium of these magnets, there is no deflecting force acting 
on any magnet due to the surrounding ones, that is, F(@) = o for 6 = o. 
As the magnets deflect from this position, F(@) increases. It is evident 
that for 6 = 7/4, F(@) must again vanish through the symmetrical 
orientation of molecules. Hence as @ increases from 0 to 7/4, F(@) must 
pass through a maximum. From @ + z/4 upward, the axes of the mag- 
nets tend to place themselves in the next orientation of stable equilibrium, 
that is, in the orientation for @ = 7/2. Hence F(@) changes its sign in 
passing through 7/4. As 6 increases from 7/4 to 7/2, F(@), which is now 
negative, at first decreases, attains a minimum and then increases, 
vanishing at 6 = 7/2. The same change of F(@) is repeated in the other 
quadrants. 

It is also to be remarked that if r be very small in comparison with a, 
that is, powers of p and gq higher than the third are negligibly small, 
F(6) vanish for all values of 6, that is, no resisting couple acts, if the 
axes of the magnets be deflected from their orientations of stable equilib- 
rium. 


es 
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In the above calculation, we have only taken account of the mutual 
force due to eight surrounding magnets. If we take the next 16, 24, 
32, .. . magnets in the outer squares into consideration step by step, 
the expression for F(@) rapidy converges to a definite value; because 
for each outer square, the number of magnets increases by 8, while the 
force exerted by each pole in different squares, decreases by the inverse 
square of the distance. For example, if 24 magnets in the first two 
squares be taken, the amplitude in F(@), assuming k = 2, increases only 
by 3.6 per cent. as compared with the case above discussed. Moreover, 
by taking all the magnets in the complex into consideration, the period- 
icity of F(@) cannot evidently vary for the reason as explained above. 
The only change consists in the variation of the coefficients of sin 46 
and sin? 20. More generally, if we consider the distribution of magnets 
in a cubical space-lattice and the effect of the magnets situated in two 
adjacent planes on the magnet under consideration, it is easily found 
by calculation that the correction due to this effect amounts only to 
4.8 per cent. as compared with the case before mentioned. Hence we 
can conclude that in the most general case, F(@) is a periodic function 
of 6, having 7/2 as its period and k as a parameter. 

The expression for F(@) may generally be written as 

F(@) = A sin 48, 
where 
es 23 

and ¢, ¢’ are the functions of k only, k being always greater than 1. 
For k = 1, the amplitude of F(@) is infinitely large; as k increases from 
1, the amplitude rapidly decreases, the value of y’ becomes very small 
in comparison with that of y, and the form of the curve approaches to 
F(6) the sine as given by the first term of the above series. 

, . Fig. 3 shows this manner of approaching the sine 

/ . curve; here curves I, 2, 3 are those corresponding to 
fi \2 a\* k = 1.3, 1.6, 2.0 and curve 4 represented by a broken 
\ line is a sine curve. Their amplitudes 


A, :Az,:Az3 = 4.431 : 0.976 : 0.256 








0° 10° 20° 2° 40 


Fig. 3 ® are all reduced to the same magnitude as that of the 


sine for the sake of comparison. Thus we see that for 
a value of k greater than 2, the form of the curve F(@) is very nearly 
equal to sin 46. In the case of iron, nickel and cobalt, which are easily 
magnetizable, this restriction seems to be quite reasonable. Hence, 
under this limitation, we may use, for the first approximation, A sin 
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49 with a constant amplitude instead of F(@), and proceed to develop 
the theory of magnetization. Relation (I) takes then the following form 


H sin (a — 0) = A sin 40 (2) 
and 
m 
A = % (k), 


where ¢ is a function of k only. As shown in Fig. 
4, ¢ rapidly decreases with increasing k. ik) 

If a special investigation be necessary for the case °*} 
of a closer molecular distance, we must use the 
exact relation (1). But, as we shall see presently, °} 
we have always used a graphical solution for rela- 
tion (2) and consequently the substitution of rela- 
tion (1) for the last one does not cause much com- 








anlage Fig. 4. 
plication in our calculations. 


§ 3. MAGNETIZATION OF A SINGLE COMPLEX. 


Suppose in a complex an external field H acts in a plane parallel 
to the face of the elementary cube and in a direction making an angle a 
with one of the directions of stable equilibrium of the molecular magnets 
arranged in the space-lattice; the magnets will then be in equilibrium 
after turning through a common angle @ from their initial direction. 
It is required to find the component of magnetization J in the direction 
of the applied field. We have obviously 

I = 2mrn cos (a — 0) = Ip cos (a — 8), 
where 1 is the number of elementary magnets and Jp the saturation value 
of the intensity of magnetization. Denoting I/Ip = 1, we have from 
the above relation 
t = cos (a — 8), (3) 
in which a, 6, H are related by an equation 
H sin (a — 0) = A sin 40; 

if we denote H/A = h, we get 

h sin (a — 6) = sin 40. (4) 
A contains m, r, a and depends on the properties of particular substance; 
so also /9. But if we use the reduced i and h instead of the actual 
intensity of magnetization and field, relations (3) and (4) apply for all 


ferromagnetic substances belonging to the regular system. If 4 and a 
be given, equation (4) gives the value of @ and therefore equation (3) 
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the value of 7. Hence equations (3) and (4) may be considered as the 
laws of magnetization. 

Since equation (4) does not change, if we put for a@ and @ the values 
a+ 7/2 and 6+ 72/2, it follows that the force required acting in the 
direction a to deflect the system of magnets through an angle @ is equal 
to that acting in a direction a + 7/2 and deflecting these magnets by 
6 + 2/2. Hence the curve of magnetization by a force acting in a direc- 
tion @ partly coincides with the curve corresponding to a system of 
magnets, whose initial direction makes with the field an angle a + 2/2. 

If h and @ be given, @ can be found from equation (4), which is of 
the eighth degree in sin 6 or cos 6; hence we can not solve it analytically. 
However, as @ is given as the intersections of the two curves 


y=sin4@ and y=/Asin (a — 8), 


we can easily find it by a graphical method. In Fig. 5, curve J represents 
y = sin 40, and curves a, b, c, d, those of y = h sin (a — 6) for a = 30°, 











Fig. 6. 


70°, 120° and 160° respectively, # being taken as 0.6. By giving different 
values to h, the curve of magnetization can be obtained. 

In Fig. 6, four curves representing the relation between 7 and h are 
given, in which for the angle a were taken angles of 30°, 70°, 120° and 
170° respectively. They give the intensity of magnetization in the direc- 
tion of the respective field, when the magnitude of the latter is so varied 
that it is always in equilibrium with the internal resisting force sin 46. 
In the curve for a = 30°, the initial point a corresponds to the value of 
cos 30°; as k increases, @ becomes greater, but always less than a, and 
therefore 1 = cos (30° — @) steadily increases, tending asymptotically 
to the value of 7 = 1 with kh = «©. In the curve for a = 70°, the point 
b corresponds to the value of cos 70°; as h# increases from 0, @ and there- 
fore sin 40 also increases. Since however the latter quantity reaches a 
maximum at @ = 7/8, # must be diminished from a certain value of 0 
upward, if the magnetization is to be effected statically or reversibly. 
With 6 = 2/4, the resisting force sin 48 vanishes and therefore must be 
diminished to zero; with a further increase of 0, sin 40 changes sign and 
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therefore i must be applied in an opposite direction, if the magnetization 
is to be made reversibly. If @ approaches to 70°, h becomes — © in 
the limit and the magnetization tends asymptotically to unity. The 
curve for a = 120°, which begins at the point c on the negative side of 7 
passes through a maximum and a minimum of h, and coincides with the 
curve for a = 30°, as the value of 7 increases. The curve for a = 170°, 
beginning at a point d on the negative side of 7, passes through two 
maxima and one minimum of / with the increase of i and approaches 
asymptotically to the line 7 = 1. 

In the ordinary case of magnetization, the field is continuously in- 
creased, and therefore the magnetization is only partly reversible. But 
it is easy to see in what manner the magnetization in the direction of 
the field increases by applying a continuously increasing field. 

Case 1, 0 < a < (2/4). The component magnetization 7 in the direc- 
tion of the field increases with h and becomes 1 for h = o. If the field 
is gradually reduced, 7 takes its original value, and there is no hysteresis. 

Case 2, (7/4) < a@ < (m/2). 7 increases with / continuously up to the 
maximum resisting force; here it undergoes an abrupt change and takes 
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Fig. 7. Fig. 8. Fig. 9. Fig. 10. 


a value corresponding to the rotation of z/2 of the initial orientation of 
molecular magnets. With a further increase of the field, 7 continuously 
increases in a manner, as if the initial orientation were a —(z/2). If 
the field is reduced, 7 takes a value quite different from its initial, as 
shown in Fig. 7; that is, there gives rise a hysteresis phenomenon. 

Case 3, (1/2) < a(3/4)x. increases with h, at first continuously, and 
then abruptly, when the resisting force reaches a maximum. After 
this, the curve of magnetization follows the course corresponding to the 
case with the initial orientation of a — (2/2) (Fig. 8). With the reduc- 
tion of the field, hysteresis phenomenon is also observed. 

Case 4, (3/4)4 <a< a. Thecurve of initial magnetization is the same 
as in the above cases. If the first maximum of the resisting force is 
less than the second maximum, its next magnetization is the same as 
in the case with the initial orientation of a — (2/2) (Fig. 9); if the 
first maximum is greater than the second, the magnetization is the 
same as that for the initial orientation of a — m (Fig. 10). The subse- 
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quent magnetization takes place continuously. By reducing the field, 
the corresponding hysteresis is observed. 

The relation between the initial orientation and the maximum resisting 
force hm can be found in the following way: 


From 
_ __ sin 40 
~ sin (a — 6)’ 
we have 
dh 5 sin (a + 30) +3 sin (a — 56) 
do 2 sin? (a — 8) i 
hm 


4.0 


3.07 


2.0 + 








' + ——+ >a 
20° 40° 60° 80° 100° 120° 140 160° 180 


Fig. 11. 


If the value of 6 corresponding to the maximum force be denoted by 4% 


we have 
5 sin (a + 36) = 3 sin (5@ — a) (5) 
and 


The existence of such values of @) can be understood from Fig. 6. The 
calculated values of h,, for different values of a are given in the following 
table and in Fig. 11. 








a. | hune | a. | hime a. hne a. y 
45° | 4.000 100° | 1.025 70° 1.405 160° | 1.541 
50° | 2.625 120° 1.008 80° 1.205 | 170° | 2.018 
| 4.000 


_ 60° | 


1.750 | 140° 1.137 90° 1.088 | 180° 
Curve a in Fig. 11 refers to the first maximum; in the interval between 
135° and 180°, the second maximum is also possible. However, as h,, 
corresponding to @ for the first maximum is equal to that corresponding 
to a + (2/2) for the second maximum, curve b for the second maximum 


has the same form as curve a being only displaced through 2/2. 


§ 4. DEDUCTION OF THE CURVE OF MAGNETIZATION. 


Hitherto we have exclusively considered the magnetization of a single 
complex; but we are now able to study the magnetization of a mass of 
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ferromagnetic substance, such as iron, which consists of a great number 
of such elementary complexes with their magnetic axes uniformly dis- 
tributed in all directions. Now, the faces of the elementary cubes or 
the complexes are in actual cases directed uniformly in all directions; 
but for the sake of the simplicity of calculation, it is here assumed that 
the complexes have one of their faces all parallel to a common plane, 
other faces being distributed quite arbitrarily, and the magnetic field 
acts parallel to this plane. The problem is then reduced to the two- 
dimensional. The magnetization of this simple case does not obviously 
differ from that of the actual case in its character. 

Let N be the number of elementary complexes; if there is no magnetic 
force acting on these complexes, the number of complexes, whose mag- 
netic axes make, with a certain direction, an angle lying between a and 
a + da, is equal to 


N 
dN = ~<A da. 
27 


If M be the magnetic moment of a complex, whose magnetic axis makes 
initially an angle a@ with the direction of the field, then the component 
of magnetization in the direction of the field is M cos (a — 0). Con- 
sidering M to be the same for all complexes, the total magnetization 
due to these complexes is 


+" MN In ('” 
[= [ — cos (a — 0)dd = =f cos (a — @)da, 
Jer 27 Tv 0 


where J) = NM is the saturation value of the magnetization. Hence 
we have for 7 


j= = f  te~ Oh (6) 


The relation connecting a and @ must however be different from that 
for a single complex. Here besides F(@), we must also consider the 
magnetic force due to surrounding complexes. If no field acts on the 
substance, the resultant effect of the surrounding complexes is obviously 
zero; but in its magnetized state, this is not the case. To calculate 
this force exactly is almost impossible; but it is not difficult to calculate 
approximately its mean effect. Since the total action of a complex 
on a magnet within it is the same as the sum of the effects of neighboring 
magnets, those of the distant ones being very small, we may consider 
the form of the complex under consideration to be a sphere, without 
causing sensible error in the value of F(@). The magnetic effect of 
other complexes on the magnet under consideration may approximately 
be replaced by that due to a uniform distribution of magnetization with 
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a mean intensity in the space in which other complexes are found. As 
the boundary of the said complex is assumed to be a sphere, this force is 
(4/3)rI acting in the direction of the external field and does not generally 
coincide in direction with that of the axis of the magnet under con- 
sideration; and hence it exerts a couple tending to turn the magnet in 
the direction of the field. Hence instead of relation (2), we must use 
the following formula: 


(27 +4) a7 sin (a — 0) = A sin go. 


But for a given value of H, I is a constant, so that for a while we may 
regard H + (4/3)zJ as an external field and proceed to calculate J for 
different assigned values of H + (4/3)7J. After finding J, the actual field 
may be found by simply subtracting (47/3)J from the assigned field. 
Hence the same relation as (2) may also be used in the present case, 
that is, 
sin 40 
a ee (7) 

If h be given, equation (7) gives @ in terms of a, and if this value of 
6 be substituted in equation (6), this gives the intensity of magnetization 
4 in terms of h, and thus the problem is formally solved. But in actual 
calculation, some complications are involved, and we must separately 
consider cases corresponding to several graded values of h. 

First let us consider the case when h is very small; then @ is also small, 
and therefore sin 49 = 40. From (7), we get 


h (sina — @ cosa) = 46; 


h sina 


aes or 


Equation (6) gives 


pai f 8 si da =*{"{ 4 h sin? a 4 
legs” q (cos a + sin a)da =~ ; COS @ a ert a 


i a a h =s 
= cos ada + — sin? a-( 1 +-cosa} da. 
T Jo 47 Jo 4+ 
The first integral vanishes; and if the second term be expanded and 
intergrated, we have 


i state 


wtiie 2.42. © 
~ 4X2" 8.42" 16 44 


= 0.125h + 0.00195h/* + 0.00007h' + -:-. (8) 
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As it ought to be, 7 is an odd function of h. If h be sufficiently small, 
the terms of any higher order of / than the third can be neglected, and 
4 and h are linearly related to each other. This fact was verified by 
experiments of Bauer,' Lord Rayleigh? and others. In this case, the 
magnetization is perfectly reversible, that is, there is no hysteresis, a 
fact which agrees with the result of the experiments. 

Secondly, we consider the case, where / is large. To change the 
integration variable from a to 6, we differentiate equation (7), 


d 
h cos (a — 6) (—1) = 4 cos 40 


da 4 cos 46 


j= I. 


dé ~=hcos (a — @) 





And also 


cos (a — 6) = +7 Vi — sin? 40 


iat f tee at vie sine gal ao, (9) 

According to the magnitude of h, all the complexes, during magnetiza- 
tion, do not necessarily change their angle of deflection continuously; 
in fact, some of these complexes made an abrupt rotation of 7/2 or =. 
Hence in evaluating the above integral, it is necessary to divide the 
limits of integration into several parts. If h be given, we can find 
from Fig. 11 the value of a having / as h,,; the values of 6 for these values 
of a may then be found from equation (7). We have generally three 
values of a and @, let us call them by ay, a2, og and 6;, 62, 63. Then we 


have ; 
0 0 a) ae ag 


In the first and fourth integrals, the elementary magnets in the com- 
plexes belonging to these integrals remain stable, since the field is less 
in their cases than the critical value. The magnets in the complexes 
belonging to the second integral all lie beyond the position of stable 
equilibrium, and therefore the magnetization is the same, as if the initial 
orientation of the complexes were a — (2/2). Hence the limit of the 
second integral must be changed from a and a, to a — (7/2) and 
a, — (x/2). In the third integral, the magnets in the complexes lie 
beyond the first and second positions of stable equilibrium, and therefore 
the magnetization is the same, as if the initial orientation were 2 — 7. 


1 Bauer, Inaug. Diss. Ziirich (1879). Wied. Ann., II. (1880), 399. 
2 Phil. Mag., March (1887). See also Ewing's ‘‘ Magnetic Induction,”’ 124. 
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Hence the limits of the third integral are to be changed from a» and a; 
to a — r and a; — 7. If the integration variable be then changed 
from a to 6, we have 


7 6"; 0’2 0's 0’s 
i. / 2 ee 


Now from equation (9), we have 





=. 
Il 


Ros “2 "| or 
—, |sin 48s += 4 a 1 — jpsin’ 4040 





a I aa ew 
= — (sin 46 ~ sin 400) #2] f I — k* sin? 46 dé 
i 
~ f V1 — Rk sin? 4006| ' 
0 


where k? = 1/h?. Hence if E be an elliptic integral of the second kind, 
we have 


ae. es — -. ry _ 
ol (sin 40’ — sin 40) + = {E(k, 40’) — E(k, 46)}. (10) 


By expanding E in a power series of k, we have 


mx Gl Q’ ; ff =. 
t= (sin4 — sin 40) + 


40 
31 (3.4! sine ge) si 
2-42 a*a 40 sin 80} b 
T3'5( 5-3 So: 


+ -sin®40 +2 sin‘ 46) sin 80} (11) 
2°4:6\6-4-2 6-4 6 2 





I : . 
{ 40 — (340+ S sins) & 
17-371 
- 2 3 
ex? wailed 


40+ 


6’ 


The double sign of the second term must be so chosen that upper and 
lower signs correspond to a — @ > (2/2) and a — 6 < (z/2) respectively, 
with the condition that if an abrupt turning of the molecules through z/2 
takes place, a and @ are measured from the new position of equilibrium. 

In the following tables and in Fig. 12, the result of our calculation 
according to the above relations is given. Uptoh = 0.5, 7% was calculated 
by relation (8), while for higher fields, it was obtained by means of 
relation (11). Thus, we found at first three values of a corresponding to 
different values of h: 























A. | %4. a2. as. | h. a1. a2. : a3. 
3 | 62° 0 | 157°0' 159° 30’ 2.5 50° 30’ 140° 0’ | 174° 0’ 
2.0 54° 38’ 145° 0’ | 169° 0’ 30 | 47° 138° 30’ 178° 0’ 
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From equation (7) and these values of a, we found the following values 
of 6 for the limits of integrations: 











he | Ow Or’. 62. Of. , 63. 6a’. 04. | 9%. 
is|o |e} —-s |ae|—s | -6 | 16° 0° 
2.0 | o° | 26° | —13° | 26° | —13° | -4° 14° | 0° 
2.5 | 0° | 34° | —17°20’ | 34° —17°20' | — 2°30’ | 12°30’ | 0° 
3.0 0° | mn ie 30’ g° 0° 


37° | —21° 30’ | 37° | — 21° 30’ 





We have then for each of the integrals the following numbers: 


= “ey 2 











| , 6 , | 04! 
* Fs , , . | 63 | Se, 2 | oom, 
| 

10 | salad aes | sina | pues 0.183 
15 | 0.301 0.436 | 0.036 — 0.096 | 0.677 
2.0 | 0.286 0.448 | 0.127 — 0.045 0.816 
25 | 0.289 0.475 | 0.172 | — 0.031 | 0.875 

| 0.196 | —0.011 | 0.909 


3.0 0.241 0.483 


Thus the form of the curve of magnetization agrees precisely with that 
experimentally found. This curve starts from the origin at a definite 
angle, and increases at first linearly with the field. With a further 
increase of field, the magnetization increases more and more rapidly; 
in a certain field, its rate attains a maximum 








and then gradually decreases. The curve | 

of magnetization passes therefore through ae 

an inflexion point, and gradually approaches o" 

to an asymptotic value 1, as the field is “ 

increased. The curve is the normal curve “| 

of magnetization with the reduced intensity °*{ 

of magnetization and field; it is common "an ee Sr BE Be 
for all the ferromagnetic substances belong- Fig. 12. 


ing to the regular system. The curve 
of magnetization for a particular substance can be obtained by multi- 
plying J) and A, characteristic constants for the substance, to ig and h 
respectively. 

If the curve of magnetization be plotted against the actual field as 
explained at the beginning of the present paragraph, the characteristic 
form of the curve will not materially change. 


§ 5. RESIDUAL MAGNETISM AND HYSTERESIS PHENOMENON. 
If a mass of iron is once magnetized to saturation, and then the field 
reduced to zero, there remains a residual magnetism. The amount of 
this residual magnetism can easily be found in the following way: The 
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complexes, whose magnetic directions lie initially between o and 7/4 
will return to their original position with h = 0; the complexes, whose 
magnetic directions were initially 7/4 > a > 2/2, or 7/2 > a> (3/4)z, 
take a new position of equilibrium differing from the initial by 2/2 
with A =o. Lastly the complexes, whose magnetic directions were 
initially (3/4)7 > a> x, will come to a new position differing by 7 from 
the initial with kh = o. Hence, if the field be reduced to zero, the mag- 
netic directions of all the complexes are distributed uniformly within 
an angle making 7/4 on both sides of the field. The residual magnetism 
may therefore be found thus: 


wi4 N 
Re of M cos 6dN. dN = = do 
0 


_ 420 i _ 4lo 
wie { cos 6d6 = te 


Hence the reduced residual magnetism r is 
r = — = 0.8927. (12) 


This is the same value as obtained by Ewing.'! Thus there remains a 
residual magnetism of about 90 per cent. The experiments with very 
long iron wires confirm the correctness of this conclusion. 

According to the above consideration, the process of reducing the 
field from © to 0 is reversible, that is, the magnetization during the 
reduction of the field from © to 0 exactly coincides with the magnetiza- 
tion from h = 0 to ©, the initial magnetization being r. This curve of 
magnetization can easily be found: because the initial orientation of the 
complexes is known to be uniformly distributed within an angle sub- 
tended by the lines inclined at 7/4 to the field. If h be small, 


wT es _ sin 40 — 
catf cos(a — @)da and +s" 


on /4 j 
‘= ~{ (h + 4 cosa)(1 + = cos a)—da 
TJo + 


= 0.8927 + 0.047h — 0.083h? + -:-. (13) 

For a large value of h, we find from equation (7) the value of @ corre- 

sponding to the limit of integration. By means of equation (11), the 
value of z will be found on simple substitutions. 

Starting from the residual magnetism, the magnetization by a 

gradually increasing negative field can be calculated in a similar way. 


1 Magnetic Induction (1900), 325. 
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This case is equivalent to the magnetization by a positive field of a 
group of complexes, whose initial magnetic directions are uniform and 
given by + (3/4) > a > z. For small values of h, we have 


an " hi 
i= -#{ cos (a — @)da = -if (h + 4cos a)(1 + = cos a)—da 
T J 3/4 T J 3/4n 4 
= + 0.8927 — 0.047h — 0.083h? — ---. (14) 


For large values of h, we find 7 from equations (7) and (11), as in the 
former case. The results of calculation are included in the following 
table: 











ke i. h. i. = 1t & £ 6 4 i. 
+ 2 1.000 — 1.0 0.815 2.0 | 0.944 | — 3.0 | — 0.847 
35 | 0973 | —1.5 0.015 15 | 0.932 | —50 | —0.981 
0.962 | —20 | —0.58 | 1.0 | 0.922 | — x | — 1,000 
25 | 0.956 | —25 | —0.786 | 0.0 | 0.893_ 


In this way, we can obtain a well-known hysteresis loop, when the field 
is varied between + © and — ©, as shown in Fig. 13. It possesses all 
the characteristics shown by iron, nickel and cobalt, and is far nearer 
the experimental curve than the rectangular hysteresis loop obtained 
by Gans. 

The hysteresis loop accompanying a cyclic change of magnetic field 
between + #4 and — h/ can be calculated in a simi- 


lar manner. For this purpose, the residual magne- ott! 
tism obtained by reducing the field from h to o - 
will be at first calculated. Then, the curve of A 

0 h 





magnetization having this residual magnetism as 
the initial will be calculated, it must coincide with 
the curve of demagnetization obtained by reduc- 
ing the field from hk to 0. Next, the curve of 
magnetization from 0 to—h, having the state of re- Fig, 13. 

sidual magnetism as the initial, will be calculated, 

and soon. In this way, we have obtained a complete cycle of magnet- 
ization. 

The residual magnetism, when the field / is reduced to zero, is easily 
known; because for a given value of h, we can find from Fig. 11 the 
values of a having h as the maximum resisting force, and therefore it 
can be completely known how many complexes, which had initially a 
uniform distribution of their axes, will return to their original position 
by reducing the field to zero and how many of them will rotate through 
one or two right angles from their initial positions. Hence the residual 
magnetism can be calculated by the following expression: 
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rail | cos ada + [ cos (a —*) da 
| Jo 3 2 


+ [cos (a — r)da + { cos ada} 


2 3 

Since the orientation of the magnetic axes of these complexes in the 
residual state of magnetization is thus completely known, a further 
magnetization with positive and negative fields can be calculated in 
the same way as the case above discussed. In this way, we calculated 
three curves of hysteresis for different values of h, which are shown 
graphically in Fig. 14. The curves are found to agree with the results 
of experiments. 

In our theory, the hysteresis phenomenon takes place only when the 
molecular magnets in the complexes turn abruptly; otherwise the process 
of magnetization should be reversible. Thus, as we have seen, the initial 
magnetization up to about # = 1 and also the demagnetization and the 
second magnetization between o and h, ought to be reversible. In 
actual cases, however, we also find a small but distinct hysteresis in 
weak fields. This discrepancy between theory and experiment may 
probably be due to two causes, which are not considered in the above 
theory. 

In the important paper! on the modulus of rigidity of rocks, Prof. S. 


Twist 


(| / 


-3 +3 ~h / Couple 











Fig. 14. Fig. 15. 


Kuskabé has shown that by cyclically changing the twist between 
+7 and — 1, all rocks investigated by him show a distinct hysteresis, 
though Hooke’s law is fairly well satisfied. The form of his hysteresis 
loop is quite similar to that observed in iron in weak fields. As an 
example, we reproduce here his hysteresis curve of twist for marble 
(Fig. 15). He explained the phenomenon quite satisfactorily by his 
theory based on the experimental fact that by applying couple, the twist 
of the specimen, after its instantaneous increase of a definite amount, 
gradually increases with time, asymptotically tending to its final value, 
that is, the twist shows a time-effect. 

1 Journ. Coll. Sci., 19, Art. 6 (1903). 
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Now the magnetization has also a time-effect called the magnetic 
viscosity, though it is not so conspicuous as it is in the case of rcoks. 
Namely, the magnetization does not instantaneously increase to its final 
value by applying a magnetic field, but it requires some time for arriving 
at its maximum value. This effect is specially conspicuous in weak 
fields, and may therefore be considered as the first, but less important 
cause of the hysteresis observable in weak fields. 

The second, but principal cause of the hysteresis in weak fields is 
probably the irregular distribution of the axes of the elementary magnets 
situated on the bounding surfaces of different complexes. In our theory, 
we have assumed that if there acts no external fields, all the elementary 
magnets in each complex assume the same direction of stable equilibrium. 
But in actual cases, the elementary magnets on the bounding surfaces 
of the complexes may place themselves in quite different directions, as 
do those in the interior through the action of the magnets in the neighbor- 
ing complexes; and thus there results an irregular distribution of ele- 
mentary magnets on the bounding surfaces. Hence some of the elemen- 
tary magnets may initially be found in positions, which are not far from 
those of unstable equilibrium. If a weak magnetizing force acts on 
such magnets, it may cause the abrupt rotation of the magnets and 
therefore a hysteresis phenomenon results even in a weak field. 


§ 6. CALCULATION OF THE HYSTERESIS-LOSS BY MAGNETIZATION. 


According to our theory, the hysteresis-loss takes place only when the 
rotation of the molecular magnets caused by the external field becomes 
discontinuous. That is, if the reduced field h be less than 1, there is no 
sudden rotation of molecules, and hence no hysteresis-loss by magnetiza- 
tion; if however h be greater than 1, some of the molecules make abrupt 
rotations and give rise to the hysteresis phenomenon. The number of 
such molecules will increase with the strength of the field and attain to 
an asymptotic value at h = 4. A further increase of magnetizing field 
does not cause any more abrupt rotation of molecules. 

In the curve of magnetization, O AB in Fig. 13, the hysteresis-loss 
takes place only in a portion ( = 1 to 4) of the magnetization curve. 
During the demagnetization from h = © to 0, no abrupt rotation of 
molecules occurs, and therefore we have no hysteresis. But the magne- 
tization in the opposite direction from h = 0 to — 4 involves a loss of 
energy. Similarly, in portion DE of the magnetization curve, there is no 
loss of energy, but in portion EB, we have a loss of energy equal in amount 
to that in portion CD. 

According to the general theory of magnetism, which assumes no 
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hypothesis as to the molecular magnets, the total loss of energy during 
a complete cycle is equal to the area of the hysteresis-loop. By our 
theory, the hysteresis-loss is the kinetic energy obtained by the molecules 
during their abrupt rotations, and hence it is very interesting to investi- 
gate, whether in a cyclic process of magnetization, the kinetic energy 
thus obtained is equivalent to the area enclosed by the hysteresis-loop. 
As the following calculation will show, the result completely agrees with 
the above theory; moreover, in the process of magnetization, we can 
distinguish the energy dissipated during the magnetization from the 
total energy. 

We shall at first consider the energy loss of a single complex during 
magnetization. If h increases from 0 to hm, which is the critical field 
for the abrupt turning, the molecular magnets in the complex will turn 
reversibly towards the field; at h = hp, an abrupt turning of the mole- 
cules occurs, and their axes take new orientations corresponding to the 
initial position differing by 7/2 or 7 from the original. During the abrupt 
turning, the molecules will acquire a kinetic energy, which is nothing but 
the heat energy produced; the quantity of this energy must be equal to 
the sum of the work done on the molecules. 

The couple N acting on a molecular magnet, whose magnetic moment 
is M, is 

N = M{Ha sin (a — 6) — A sin 46}, 
where 
M = 2mr. 
If @) and 6, be the angles of deflection of a molecule from its initial 
position, which correspond to the positions just before and after the 
abrupt turning, we have 
6; 61 
W=2 Ndé@ = 2M {Hm sin (a — 0) — A sin 46}d8, 
% % 
where the summation is to be extended to all the molecules in the com- 
plex. Since M, a, @ are the same for all the molecules, the above equation 
may be written as 
61 
W=nM {Hm sin (a — 0) — A sin 46}d8, 
9 
or 


W "1 
Ws = vA I {hm sin (a — 6) — sin 46}d8, (1) 





where w, is the reduced hysteresis-loss by magnetization. The latter 
does not involve any quantity depending on the nature of a substance; 
it is therefore applicable for all substances belonging to the cubic system. 
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Now the reduced intensity of magnetization for a single complex is 
1, = cos (a — 86); 
for a small variation in the magnitude of h, we have 


di, = sin (a — 6)d0. 
Hence 


i, 6; q, 6 0; 
w, = { hndi — f sin 40d0 = { Nmdt + f sin 46d0 — f sin 46d8. 
“Io 8 y 0 0 


But the last two terms are the integrals along the reversible courses of 
magnetization, in which case we have the relation 


h sin (a — @) = sin 48, 
h sin (a — 0)d0 = h di, = sin 46d8. 


Moreover, the molecular magnets at 6;, have the same potential energy 
with regard to the axis @ = 0, or that perpendicular to it. Hence 


61 (w/2)—6, h 
f sin 40d0 = f sin 46d0, = f ddi, 
0 n [2 q/ 


and therefore we get finally 


qh To qi 
— { hmdi, + f bdi, — { hdi,. (2) 
Ty ty’ I’ 


Referring to the annexed figure (Fig. 16), in which ABB’C is the curve 
of magnetization and B’A’ the course taken by the 
magnetization curve, when the field is reduced to zero, 
we see that the first integral represents the area DBB’D’ 
and the second the area ABD and the third the area 
A’B'D’, so that w, is equal to the area ABB’A’. 

Next, consider the case of the mass of a ferromagnetic 
substance consisting of an immense number of minute 
complexes, whose magnetic axes are uniformly distributed 
in all directions. From the above result, we see that if 
J, and J, be the intensities of magnetization of a complex corresponding 
to the magnetizing and demagnetizing stages for the same strength of 


field, we have 
Doon h 
Ww, = f (I, — h)dh = f (I, — lh)dh, 
0 0 


where 4 may take any value whatever, as w, vanishes for larger values 
of h than im. Hence, for the hysteresis-loss w of a mass of the ferro- 
magnetic substance, we must summarize the above expression for all 
the complexes constituting the substance. 
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h 
w = Iw, = f Z(I2 — I,)dh; 
0 


but J; and ZJ_ are respectively the reduced intensities of magnetization 
corresponding to the ascending and descending branches of the magnet- 
ization curve. Hence putting 


Dh = 1, and re - 12, 


w= f (ig — i,)dh. (3) 


Referring to Fig. 17, w represents the area OABC enclosed by the 
magnetizing and demagnetizing branches (1) and (2) of 
the magnetization curve. The area OABD is known to 
be the total energy of magnetization, and therefore the 
area CBD, which is the difference between the areas OBD 
and OBC, corresponds to the net energy of magnetiza- 
tion. 

In the same way, it can be shown that in a cyclic pro- 

Fig. 17. cess of magnetization, as shown in Fig. 13, the hystere- 

sis-loss during the magnetization CD is given by the area 

CDE and the loss during the magnetization EB by the area BCE, and 

that the total loss during the cyclic magnetization is equal to the area 
enclosed by the hysteresis-loop. 

In our theory, we have assumed that if no external field acts on them, 
all the elementary magnets in each complex assume the same direction 
of stable equilibrium. But in actual cases, the elementary magnets 
on the bounding surfaces of the complexes may place themselves in 
quite different directions as do those in the interior through the action 
of the magnets in the neighboring complexes, and thus there results an 
irregular distribution of elementary magnets on the bounding surfaces 
of the complexes. Hence, some of the elementary magnets may initially 
be found in portions corresponding to h = hw. If a weak magnetizing 
force acts on such magnets, it may cause the abrupt rotation of the 
magnets, and therefore the hysteresis phenomena result even in weak 
fields. The small hysteresis usually observable in portions OA, CB and 
DE in Fig. 13 are explained in this way. 

1. We shall next calculate the value of the reduced hysteresis-loss for 
different magnetizing fields. Now 








wT 6; 
w= a {hm sin (a — 0) — sin 40}déda 


T Jo 60 
sg” T 
-if [40 c0s (n% — a 6) — cos 40 | 
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+ : {cos 46; — cos 460} | da, 


where ” = I or 2 and hm, a, 0, 6; are related by the equations of condi- 


tions: 
hm sin (a — 09) = sin 46, 


hn sin (n= —-a- a) = sin 4h, (5) 


5 sin (34) + a) = 3 sin (50 — a). 


If we eliminate from these four equations a, 60, 6; the required relation 
between w and h» will be obtained; it is, however, very difficult to find 
actually an analytical expression for w; but the problem can be solved 
graphically without any difficulty. Since w is the reduced hysteresis-loss 
applicable for all substances crystallizing in a cubic system, it is sufficient 
to find its value once for all in some convenient way; from this value, 
the actual hysteresis-loss for a given substance can be obtained simply 
by multiplying it by the product JoA, depending on the properties of 
the substance. 

The curve representing the relation between i» and a@ is given in Fig. 
11; hence if im be given, the corresponding value of a can be known. 
If from the first and third equation of condition, a be eliminated, the 


relation — 
6 au bk MV lem? —! 
COS 405 = 15 


is obtained, which gives 6) in terms of im. The double sign can be deter- 

mined without ambiguity. Knowing him, a, m, 6; can be obtained from 

the second equation of condition (5). Thus, from the given value of hm, 

all quantities under the integral sign in expression (4) can be evaluated. 
Now, from the first and third equations of conditions, we get 


da _ i 60); 
dim lim tan (a aie 


hence for w, we obtain the expression 


eS 1 (" da 
waif gda =: f ? 7, tm (6) 
where 


T I 
g= im | cos (n3 - a— 0) — cos (a — 4%) +7 (cos 46: — cos 46}; 


¢g can be graphically evaluated, provided hm is given. Then draw the 
curve and evaluate the area bounded by the curve and the abscissa; 








SECO! 
728 KOTARO HONDA AND JUNZO OKUBO. ia 


we thus obtain w in terms of im. The following table contains our 
result of calculation: 














te | da , a; 8 oe | | ; da i 
-~ | ¢ =: | hm | © Tha’ | hm. | C) Wha’ | hay | v) The’ 
11 | 3.143 2.0 | 1.081 | 3.0 | 0.512 | 4.0 | 0.000 
15 | 1.743 | 25 | 0.735 3.5 | 





0.310 
¢(da/dhm), hm curve is given in Fig. 18; and the result of its mechanical 
integration is given in the following table and in Fig. 19. 



































aa - 
dtm 
4.0+ 
1.0; 
3.04 
san | 0.5 
1.0+ 
3 
hime ft) w. | lime w =... w Baws | w uX 
1.0 0.000 1.5 0.472 2.5 0.886 3.5 | 0.997 
1.1 0075 | 20 | 0721 | 30 | 


0.975 | 4.0 | 1.024 








Similarly the hysteresis-loss by magnetization in the opposite direction, 
of a substance which has previously been magnetized in one direction, 
can be calculated. The results for y(da/dhm) and w are given in the 
following table and in Figs. 20 and 21. 






































a 
¢ ihe 
w 
8.0 + 3.0¢ 
6.0; 
2.0 
1.04 
~ 1.0 
Lo 20 80 40m hm 
Fig. 20 
a . - . | ~~ ine - -. tk ek hf 
_ ae nn enna =a 
1.0 0.000 | 15 | 0.998 2.5 | 2.445 3.5 | 2.865 
pe 0.665 2.0 1.945 | 30 | 2.820 | 40 | 2.995 _ 
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Here the initial increase of ¢(da/dh,) and w is comparatively less 
abrupt than in the former case. The double value 2w is equal to the 
loss during a cyclic process of magnetization. The dotted curves in 
Figs. 19 and 21 are the supposed ones, in which an irregular distribution 
of the molecular magnets on the bounding surfaces of different complexes 
already referred to is taken into consideration. The dotted curve in 
Fig. 21 resembles in its character with the curve given by the Steinmetz 
formula, that is, 

w = 7B, 
where 7 is a constant depending on the nature of a substance and B 
the magnetic induction. 


§ 7. EFFECT OF TEMPERATURE ON MAGNETIZATION. 


In the above theory, we have taken no account of the thermal motion 
of the molecules, and therefore the results so far obtained hold good 
only in the absolute zero, where no thermal agitations exist. In this 
paragraph, we shall consider the effect of temperature on magnetization, 
the established facts of which may be summarized in the following words: 
In a very weak field, the magnetization increases with the rise of tem- 
perature, at first slowly and then very rapidly, and after reaching a 
sharp maximum, it falls very rapidly at the critical temperature. With 
the increase of magnetizing field, this effect of increasing magnetization 
becomes continuously less. In a field of several gausses, the magnetiza- 
tion remains constant up to the critical range, and then falls very rapidly. 
With further increase of field, the magnetization begins gradually to 
decrease from a temperature which is lower as the field is stronger. 
Above a field of some hundreds of gausses, the magnetization begins 
gradually to decrease from room temperature. 

It is commonly admitted that the diminution of magnetization at 
high temperatures is due to the rotational vibration of molecules, the 
amount of diminution increasing with the amplitude of vibration, and 
that when the rotational vibration is changed into a continuous revolu- 
tion, magnetization completely disappears. Such an explanation as- 
sumes no change either in the molecules or in their mutual configuration; 
what is assumed is simply the change of the amplitude of the rotational 
vibration during the heating. It is however questionable whether this 
is sufficient to explain the so-called magnetic or Az transformation.! 
We shall at first show that simple revolution of molecules about their 
own centers are not sufficient to account for the disappearance of magnet- 
ism at the critical point. 

1K. Honda, Sci. Rep., 4 (1915), 169. 
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Consider the case when the external field is very strong and the 
mutual action between the molecular magnets can be neglected. All 
the molecular magnets are then directed nearly in the direction of the 
field. Owing to their thermal energy, they make translational and 
rotational vibrations about their mean positions. If 28 be the complete 
amplitude of the rotational vibration of a molecule, its equation of 
rotational motion will be 


dB : 
Kip = — 2rH sin B, 
or 
2 


dt? 


where K is the moment of inertia of the molecule about the center of 
mass, H the external field and 27 the pole distance of the molecule. 
Suppose at first 8 < m and integrate the above equation; we get 


_* n sin® = Bo sin’ = B, 





where >» is the maximum amplitude of the vibration. 
Putting 

sin 1446 = sin Y%p sin ¢, 
and changing the variable from 8 to ¢, we get 


$ de 
nt = ———_—_ es F ’ k ’ - 
o VI — sin? ¢ maine ” 


where k = sinl48> and F(¢, k) is the elliptic integral of the first kind. 
Hence, if T be the period of oscillation, 


ne 7 F(z, k) = K(k) 


or 
. 4%) 
mal 


T 


Now 
cos 46 = dn-nt; 


cos B = 2 cos? 4B — 1 = 2dn’nt — 1. 


Hence if J, and J be the intensity of magnetization as affected by 
the thermal motion and that at absolute zero respectively, we have 


I y 
In =z I cos dt 
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K(k) |n 


4I T/l4 In 
= => 2 pow 
cf cos Bdt Ki J, (2dn?nt — 1)dt 
I 


= K(k) {2E(amK, k) = K(k)}, 
where £ is the elliptic integral of the second kind. 
Hence 
In _ 2E(amK, k) _ 2E(k) 
i Wilt hae (3) 


The calculation of the ratio presents no difficulty. In the following 
table and Fig. 22, the values of J,/I for different values of By are given: 








Boe | “. | Inf. Bow K. Inf. 
0° | 0.000 | 1.000 100° | 0.766 0.352 
20° | 0.174 0.970 120° | 0.866 | 0.126 
40° | 0.342 | 0 882 140° 0.940 | 0.108 
60° 0.500 0.742 160° 0.985 | — 0.340 
80° 0.643 | 0 562 180° 1.000 | = 1.000 


Next, suppose 8 > 7; then the vibration changes into the revolution, 
but its angular velocity is not uniform. As before, we have 


2 
> = — n’ sinB Im 
dt? om 
or ' 
0.5 


1 (d6\? , 
«(= = C+ 7’ cos 8. m 


30° 60° 90° 130° VQ0 130” 
If for B = 0, 
I (“ hes 
2 


2 
= 2n’y?, where v > I, 
dt ) Fig. 22. 





then 
I =) 2 (92 m2 ° 
~(< = 2n*(v?— sin? 1 8); 
putting 8 = 2¢ and 1/v? = k, we have 
d 2 2 , 
~~) = 5 (1 — Bsin® 9), 


dt 
or 


de n 
—_— = = 7 dt; 
1 — k’ sin? ¢ 


n $ dg 
—j= ————————————— , 
k i} V1 — k sin® ¢ (4) 
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For ¢ = o and T, let ¢ = 0 and = respectively, we have 


i d 
r=f[ ax 
0 Vi—k sin? ¢ 


n/2 d 
= 2[ E ; = 2K(k): 
0 Vi—k'sin® yg 


k 
T = — Kid). 
nN 


rls 


or 


tol 
D 
ll 
§ 
Il 
& 
3 
~ 


cos B = 2 cos? $6 — 1 = 2Cn't 1 — a: 


I i In (2k/n) K(k) _n 
In = I cos 8 dt = sey [ (2cn?Z 1 — 1) dt, 


If we put x = (n/k)t, dx = (n/k)dt. 
If ¢ = o, then x = o; if t = (2k/n)K(k), then x = 2K(k) 


2Kik) 
se im zu (2Cn*x — 1)dx 
I i 2 7 
os KDE ;[E(am-2K(k)-k) — k”-2K(k)] — 2K() | 


= en? (of 41), 


where k’ is the modulus complementary to k; but 


am:2K(k) = 
Im 2 E(k) R” 
Tn eKm®~ e+"): 5) 


Since k = 1/v? and v may take any value from 1 to , k® can vary from 
I too. It is evident that so long as the angular velocity of the molecules 
at B = O is not infinitely large, this velocity is not uniform, so that J, 
does not theoretically vanish unless v? = ©. This result is also evident 
from the above relation. 

In the following table, the values of J,,/J corresponding to the different 
values of k are given: 
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a v2, In| I. K. 72, Im | I. : 
1.000 1.000 — 1.000 0.643 2.410 — 0.090 
0.985 1.030 — 0.385 0.500 | 4.000 — 0.030 
0.940 1.130 — 0.252 0.342 8.550 — 0.027 
0.866 1.1335 — 0.168 0.174 | 33.450 — 0.020 
0.776 1.690 — 0.122 0 000 era) — 0.000 





The relation between J,,/J and v” is also shown in the following figure. 
As 8 or v* increases from 0, the magnetization diminishes at first slowly 
and then somewhat rapidly; in passing through By = 131°, it vanishes 
and changes its sign. With a further increase of Bo or v*, the magnetiza- 
tion increases negatively and at By = 7, Im/I becomes — 1. Afterwards, 
the magnetization rapidly decreases in absolute value, tending asymp- 
totically to the value zero, as v? approaches to ©. 

Now we find experimentally no evidence that the magnetization be- 
comes negative at high temperatures, though the field is very strong. 
What is then the cause of the discrep- 
ancy between the theory and the experi- , 
ments? The cause is obviously to be 
sought for the fact that in the above 








theory, we have assumed no transfor- a, ye 
mation either in the molecules or in their 

mutual configuration. It is certainly 

true that the above effect plays a part Fig. 23 


in changing the magnetization at high 
temperatures. Probably in a value of the amplitude 8», which is far 
less han 131°, a gradual A, transformation will begin to proceed in the 
substance, and consequently the substance is changed into the para- 
magnetic state as conceived by P. Langevin.! 

A few years ago, one of the present writers published a theory of 
magnetism,” which is based on the Langevin theory of paramagnetic 
gases; the theory connects the ferromagnetic and paramagnetic sub- 
stances and coincides with the Ewing theory for the former substance. 
It may be summarized in the following words: The form of the molecules 
of a ferromagnetic sybstance is nearly spherical and consequently the 
effect of thermal impacts in rotating the molecules is very small in 
comparison with the mutual action; while in the case of paramagnetic 
substance, the molecules have an elongated or flattened form, so that 
here the effect of mutual action is very small compared with the rotating 

1 P. Langevin, Ann. de chem. et phys. (8), 5, (1905), 70. 

2K. Honda, Sci. Rep., 3 (1914), 171. 
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effect of thermal impact. The transformation of a ferromagnetic sub- 
stance to a paramagnetic at high temperatures is by this theory explained 
as a consequence of the gradual deformation of the spherical molecules 
with the rise of temperature. The heat evolved or absorbed during this 
transformation is considered to be the energy of transformation and that 
imparted to the molecules to cause their rotational vibrations. 

The above theory accords with the result of the present investigation. 
On the other hand, the simple theory of the revolution of molecules is 
not solely sufficient to account for the disappearance of magnetism at 
high temperatures. 

Next we shall consider the effect of temperature on magnetization in 
the light of our theory of molecular magnetism. In weak fields, the 
temperature affects the magnetization in two opposite ways; that is, 
the first effect, which exists in all fields, is to diminish the magnetization 
on account of the rotational vibrations of the molecules, and the second, 
which is noticeable only in weak fields, is to increase the magnetization 
by virtue of the abrupt turning of the molecules towards the field due to 
heat motion. The observed change of magnetization at high tempera- 
tures is the sum of these two effects. We shall firstly consider the first 
effect from the standpoint of our theory of magnetism. 

If the thermal agitation be zero, molecular magnets in each complex 
will take a common direction determined by the external and internal 
fields. Suppose this direction to make an angle 6) with the field. in 
virtue of the thermal energy, they will in an actual case execute transla- 
tional and rotational vibrations about their mean positions. The ampli- 
tude of their rotational vibrations will actually differ from one magnet to 
another; but as the first approximation, we may consider their mean 
value to be Bo. Since, in each complex, the molecules exert their mutual 
action on each other, the rotational vibration of molecules with the same 
phase takes place more easily than in the case of those with arbitrary 
phases. Hence in a stationary state, we may, as the first approximation, 
suppose that all the magnets in each elementary complex oscillate with a 
common phase, but that the phase of the oscillation differs from one 
complex to another. 

Consider at first the case, where the external field is very small as 
compared with the internal; neglecting the couple due to the former 
field, the equation of motion becomes 

@’B 


K 7 = — 2Arsin 4(00 + 8). (6) 


As 4 is very small in weak fields, we may neglect it in comparison with 
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g. Hence, putting n? = (2Ar/K), we get 
d’B 
df? 





= — n* sin 48. 


Now, let sin 28 = sin 28)-sin g = k sin yg, and change the variable from 
B to ¢, we get, after integration, 


Ci de 
. 
yy Yi —k sin? gy te, #) 
Let for¢=0,B =o .. g=0; fort=I1/4,B=Bo .. go = 2/2. 
Hence 
I 
n2 = F(2,4)=K® 


or 
_ 4K(k) 
s 


T 


Now 


sin g = sn-nt, 
sin 28 = sin 2B sin g = k-dn nt; 
cos 2B = dn-nt. 


Hence the mean effect of a molecule making initially an angle a with the 
field in the direction of the latter will be given by 


T 
i «as f M cos (a — )dt 
T Jo 


yf T 
Mn f Bdt + si f . eat } 
= -— -- n sin 
1K COS a cos sin a@ s , 


where M,, and M are the magnetic moment of a molecule as affected by 
the thermal motion and that at absolute zero respectively. But, 


Js pres 
cos B = = mee mek 


2 
, R — cos 28 1 — dnnt 
mf io ~ ol a 
; 2 2 
Since dn nt is an even function and its period 2K, we have, putting 
x = nt 
M cosa (* 
M, = =f v1 + dnx dx 
/ 2K (x) 0 
or 


Mn _ — ¥2_—K(G(R/(1 + 8’) 
Mcosa VW, +h K(k) (7) 
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M cos a is the magnetic moment in the direction of the field. Thus the 
ratio M,,/M cosa for each molecule is a constant depending on 8p. 
Hence if J, and J represent the intensities of magnetization with and 
without the thermal motions respectively, we have 


In Vi +k K(k/(t + #’)) 








= : 8 

in K(k) ®) 

The ratio gradually decreases with the increase of 89 or of k; for Bo = x/4, 

it becomes 1//2 = 0.7071---. If Bo increases beyond 7/4, the vibration 

im changes into a revolution and the mean effect of 
'T mae i ; 

1.0 magnetization vanishes; because in the present 

ia, case, the external field is neglected and the mo- 


tion governed by the internal resisting force A 
sin 46 with a period of 7/4. 
In the following table and in Fig. 24, the values 
’ __,»g of the ratio for different values of Bo are given to 
Cnrnn ae : R ee , . 
show how the magnetization diminishes with in- 


0.5+ 

















Fig. 24. , 
creasing Bo. 
Be ; Tn 7. Bo si Fail. Bo. Im|T. Bo. | If Ze 
——___— | - ——__. - —_— ae, 
0° 1.000 15° 0.966 30° | =: 0.920 45° | 0.707 
> 0.992 20° 0.955 35° | (0.895 
10° 


0.985 | 25° | 0.938 40° 0.861. 


Thus the ratio gradually diminishes with increasing By up to By = 7/4, 
where it suddenly vanishes. As we have already remarked, the diminu- 
tion of magnetization with the increase of 8 would also be accelerated by 
the A: transformation, so that the fall of the curve with increasing 6 
must actually take place at a smaller value of 6 than z/4. 

We shall next consider the second effect of temperature, which in- 
creases the magnetization in weak fields. If the thermal motion be 
absent, that is, at the absolute zero, the orientation of the equilibrium 
of a complex, whose magnetic axis making initially an angle a with the 
direction of the field, is given by 


h sin (a — 69) = sin 469; 


hence if be given, the relation between a and @) can easily be found by 
the graphical method. If for a complex (a), 0 + Bo > 7/4, then the 
complex will oscillate about its mean orientation 6); on the other hand, 
if 9 + Bo > /4, the complex will undergo an abrupt turning and take a 
position, as if the initial orientation were a — (7/2), causing thereby an 
increase of magnetization. Hence, even in weak fields, where at absolute 
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zero, there is no complex which abruptly turns in the direction of the 
field, the complexes will more and more begin to make an abrupt turning 
with the rise of temperature. 

If there is no thermal motion, the reduced intensity of magnetization 
is given by 


a evs 
{=- f cos (a — 6)da, 
T Jo 


where a and 6» are connected with each other by the foregoing relation. 
This relation for h = 0.5 is shown 
graphically in Fig. 25. If Bo be given, 
we can find from the above figure 
the limits or the range of a, for which 
the complexes make an abrupt turn- 0° = ~—<60"~—«9%0"—=—0”—S—GO”S 
ing toward the direction of field. Fig. 25. 

Let a and ae be such limits, then 7 is given by 








a} ag—( 1 /2) T 
ait f cos (a — 0)de + cos (« — #)da + f cos (a — 6)da}, 
0 a2 


a,—(7/2) 

It may also occur that some complexes, whose direction of magnetic 
axis lies between a, and a2, make the abrupt rotations twice or thrice; 
in such cases, we must take for the limits a; — 7 and a2 — 7 or a, — (3/2)7 
and az — (37/2), etc. In this way, under a given field, the value of 7 
corresponding to different values of Bo can be calculated. If we multiply 
these values of 7 by the ratio 

Im _ Yo K(k/(1+’)) 
I Vy +k’ K(k) 
which represents the mean effect of rotatory vibrations, the resultant 
intensity of magnetization will be those as affected by temperature. 


Fig. 26 shows the result of our calculation for 


ad h=o.5; the ordinate represents the magnetization 
0.6 in question and the abscissa the angle Bo. The 
0.4 temperature is obviously some function of Bo in- 


02 creasing with it. If we consider 8 = 7/4 to cor- 

Bo respond to the critical point, the course of the 
curve is quite similar to that obtained by J. Hop- 
kinson for a very weak field. 

If h gets greater, the increased number of complexes turns abruptly 
towards the field, even if there is no thermal motion; and consequently 
the increase of magnetization due to the thermal vibration becomes 
always less. In a sufficiently strong field, where all the complexes 








0 10° 20° 30 40 


F 26. ig. 
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have finished their possible abrupt turning, the effect of temperature 
in increasing magnetization must vanish, and there exists only the effect 
of diminishing magnetization due to rotational vibrations. Thus the 
effect of temperature on magnetization is explained by our theory, at 
least qualitatively. 

In the above calculation, the Az transformation was not taken into 
account. This transformation obviously affects in reducing the magne- 
tization at high temperatures. 

The theory so far explained strongly confirms the general view that 
the magnetic phenomena are really due to the rotation of the molecules 
about their own centers. This fact has an important bearing to the molec- 
ular structure of ferromagnetic crystals, the discussion of which will be 
given in a next paper to be published shortly. 


§ 8. MoLEcULAR FIELD INTRODUCED By PRrRoF. P. WEIss. 


Lastly the molecular field introduced by Prof. P. Weiss! will be con- 
sidered in the light of the present investigations. According to him, 
it is a uniform field acting on each molecule of a ferromagnetic substance, 
its magnitude being assumed to be proportional to the intensity of 
magnetization and having an enormous value amounting to several ten 
millions of gauss. This molecular field was introduced by Weiss to 
extend Langevin’s theory of paramagnetism to the ferromagnetic sub- 
stances; one of the present writers? has however shown that the same 
extension can be made quite naturally by considering the molecules of 
the ferromagnetic substances to be nearly spherical in form. The intro- 
duction of the molecular field into the theory of magnetism meets with 
great difficulties; namely his theory cannot explain very fundamental 
and important facts in the theory of magnetism, such as the curve of 
magnetization and hysteresis phenomenon. 

The evidence, which Weiss sets forth as proof of his theory, is: 

(i) The explanation of the magnetic properties of magnetite and 
pyrrhotine by means of the demagnetizing field. 

(ii) The existence of the corresponding magnetic states in ferromag- 
netic substances. 

(iii) The applicability of the relation 


x(T — 0) = const, 


where «x is the specific susceptibility at a temperature T higher than the 
critical temperature 06. 


1 Conférrence a la Soc. francai. de Phys., April 4 (1907). Arch. des Sci., No. 5, 31 (1911), 
40l. 
2K. Honda, Sci. Rep., 3 (1914), 171. 
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(iv) The change of specific heat in the critical range of iron, nickel 
and magnetite. 

In explaining the magnetic properties of crystals, P. Weiss was led to 
assume a uniform demagnetizing field of considerable magnitude. In 
addition, with some improbable assumptions, he explained the com- 
plicated magnetic properties of crystals; but we have shown in a paper,! 
that these properties can be very simply explained without assuming 
any demagnetizing field.1. Hence (1) can not be considered to support 
his theory. 

Secondly he obtained from his theory the relations: 

r ag I I 

9 aes 4 and I, = cotha aS, 
where TJ and @ have the same meaning as before and a is a quantity 
depending on the nature of the substance. If we eliminate a from these 
equations, we obtain a relation giving a dependence of J/I» on I/@; this 
relation is independent of the nature of the substance and therefore 
called the relations for the corresponding states. ‘This consequence affords 
a means of verifying his theory. Weiss showed that this relation holds 
good in high temperatures for magnetite and ferronickel, but in low 
temperature the deviation between the theory and the result of the ex- 
periment is considerably great. He also remarked that for iron and 
nickel the agreement is only qualitative. 

We have also examined the above relation for iron, nickel and nickel 
steels of different compositions. For this purpose, it is necessary to 
find the saturation value of magnetization at the absolute zero from the 
observed values at low temperatures. We have here two methods: 
Firstly, if we assume the above relations to hold good at least from the 
observed lowest temperature to the absolute zero, we can find the value 
of Jo from the known values of J, T and 6. Secondly, we may also find 
Ig by extrapolation from J, T curve actually observed. These two 
methods do not give the same result. We found therefore two values 
of Ip and calculated two sets of values of I/IJo and T/@ for each specimen. 
In our calculation, we availed ourselves of the results of experiments 
made by Mr. S. Shimizu and one of the present writers? for Swedish 
iron, nickel and nickel steels of 30, 36, 48, 50 and 60 per cent. of nickel. 
The experiment was made at different temperatures ranging from liquid 
air temperature to those above their critical points, and under constant 
fields up to 700 gauss. For these specimens, the magnetization at liquid 


1Sci. Rep., 5 (1916), 153. 
2 Jour. Coll. Sci., 20, Art. 6 (1904). 
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air temperature nearly attained its saturation value in the highest field 
just referred to. The results are graphically shown in Figs. 27, 28, 29, 30. 
The broken curve in each figure represents the theoretical one, while 
other curves are the observed results. From these figures, we conclude 
that the relation for the corresponding state is here only qualitatively ( 
satisfied. Hence we can not regard the above relation as a confirmation 

of Weiss’s theory. 

Thirdly, Weiss obtained from his theory a relation 





x(T — 6) = const. 


One! of the present writers made however a thorough investigation of 
this subject, and showed that the relation is approximately true for iron, 


I 
I 


as 




















Fig. 27. Fig. 28. 


nickel and cobalt and fails to be applicable in the case of magnetite. 
He also showed that this relation can be obtained as a special case from 
his theory, which does not take any account of the molecular field. 


J) 
I 

















Fig. 29. Fig. 30. ri 


Hence as evidence for the existence of the molecular field, the above 
relation has a little importance. 

Lastly the change of specific heat at critical range of ferromagnetic 
substances will be considered. It was shown by P. Weiss and P. N. 
1K. Honda, Sci. Rep., 3, l. c.; Sci. Rep., 4 (1915), 248. 


Vou. X. . 7 
No. 6. FERROMAGNETIC SUBSTANCES. 741 


Beck! that the specific heat of iron, nickel and magnetite considerably 
increases in the critical range. As however these metals evolve heat 
by cooling through the critical range, what they measured is not properly 
termed the change of specific heat by temperature, but the quantity of 
heat evolved during the transformation? as measured calorimetrically. 
This heat evolution was early measured by Pionchon,*’ Standfield,* and 
recently by Meuten.’ Weiss explained the heat evolved or absorbed 
during the transformation as due to magnetic energy. Thus he calcu- 
lated on one hand the change of magnetic energy per degree at different 
high temperatures, using Curie’s result on the magnetic measurement 
at high temperatures, and on the other hand, in coéperation with P. N. 
Beck, he measured calorimetrically the heat evolution at high tempera- 
tures up to the critical point. In this way, the change of magnetic 
energy 5¢m per degree and that of the specific heat dc were compared 
with each other for iron, nickel and magnetite; the results of his calcula- 
tion are given in the following table: 


Substance, 6. } NS 1. | 6C. | 8C 


Des cuanmnadine 753°C. | 3,840 | 1,700 0.112 0.136 
ee 376° 12,700 500 0.027 0.025 
ee 588° 33,200 | 430 0.050 0.048 _ 


The agreement between 6c and 6cm is apparently as good as we can 
desire. But it should be remarked that the thermomagnetic properties 
of the ferromagnetic substances, and therefore the values of N, vary for 
different specimens of the same metal, as the following table shows: 


Substance. N (Curie). NV (Honda, Takagi). 
I 5 loosen ines a Bhatt 3,840 5,910’ 
as aainere gbtatarn pads Gates 12,700 10,730° 
ee rer are 33,200 37,200-10,600 


For magnetite, the quantity «(JT — 6) is far from being constant,’ so 
that N varies considerably with temperature. If we use the values of 


1 Jour. de Physique, 7 (1908), 249. 
2K. Honda, Sci. Rep., 4 (1915), 169. 
3 Ann. Chim. Phys., 6th series, II. (1887), 33. 
4Ferrum, I (1912), I. 
5 Jour. Iron and Steel Inst., No. 2 (1899), 169. 
6 N = coefficient of molecular field. The change of magnetic energy per degree = 
et 4... ae 
4 a NY) = NI7- 
7 Sci. Rep., 4 (1915), 261. 
8 Sci. Rep., 1 (1912), 229. 
® Curie, Oeuvres (1908), 322; H. Takagi, Sci. Rep., 2 (1913), 117; P. Weiss and G. Foex, 
Arch. des Sci., 31 (1911), 89. 
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N given in the above table for the calculation of 6cm, the deviation 
between the theory and the experiment becomes considerable. In the 
calculation of Weiss, the data for magnetic and calorimetric measure- 
ments belong to different specimens, and therefore the coincidence in his 
case may be accidental. It is, however, a remarkable fact that the two 
quantities 4c, and 6c, which are obtained from the quantities of quite a 
different nature, coincide with each other at least in the order of magni- 
tude, and therefore this instance may be regarded as the most favorable 
case put forward by Weiss. But the heat evolution or absorption in 
the critical range can also be explained by another theory, as was actually 
done by one of the present writers, and again, as shown in the present 
theory, the principal features of magnetic phenomena, that is, the 
magnetization curve, the hysteresis phenomena, and the temperature 
effect on magnetization are satisfactorily explained without assuming 
Weiss’s molecular field; hence the necessity for assuming the molecular 
field will not only disappear, but the difficulties involved in assuming it 
remain undiminished as before. Hence, it seems to us that the existence 
of the molecular field put forward by Weiss is not consistent with the 
observed facts. 


SENDAI, JAPAN 
1917. 
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HEAT CONVECTION IN AIR, AND NEWTON’S LAW OF 
COOLING. 


By WALTER P. WHITE. 


HE investigation here presented deals with convection in narrow 
layers of air, and was originally undertaken in order to get data 
to use in designing calorimeters. After considerable work had been 
done it was learned that a more comprehensive investigation! of air 
convection was already in progress elsewhere, and it seemed more fitting 
to avoid anything like an encroachment upon this other work. Our 
investigation was therefore made less complete than might otherwise 
have been the case, although it was extended to some points for whose 
study our type of apparatus seemed to be especially well adapted. 

The special bearing of convection on calorimetry has to do with the 
“law of cooling” of the calorimeter. It is convenient in practice, 
though by no means necessary,’ that this law should be “ Newton’s 
Law,” that is, that the thermal leakage should be proportional to the 
thermal head* (temperature difference) which causes it. In so far as 
the leakage is due to conduction or radiation, it will, as can be readily 
shown from familiar laws, conform substantially to Newton’s Law. 
But convection is due to air currents whose temperature and velocity 
are both affected by the thermal head, and which therefore tend to 
convey heat at a rate often more nearly proportional to the square of that 
head. To convection is due most of the observed variation from New- 
ton’s Law. A knowledge of the magnitude and character of the convec- 
tion effect, therefore, was expected to facilitate the designing of more 
satisfactory calorimeters. The application of the present results to 
calorimetric practice will be made in another paper in the Journal of 
the American Chemical Society. A preliminary statement of results and 
application has already appeared in this journal.‘ 

Attempts to study convection have of course been made, usually, it 


1 Since presented in part, ‘‘ The Testing of Thermal Insulators,’’ H. C. Dickinson and M. S. 
Van Dusen, A. S. R. E. Journal, 3-5, 1916. 

2 See, e. g., ‘‘Some Calorimetric Methods,’’ Walter P. White, PHys. REV., 31, 553-557, 1910. 

3 There are different kinds of ‘‘temperature differences’’ entering into thermal problems, 
so that it seems desirable to try to distinguish them. The term thermal head has been 
selected for simultaneous temperature difference, which causes heat flow. 

4Proc. Am. Phys. Soc. This journal, 7, 682, 1916. 
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would seem, with reference to bodies of different kinds. In the present 
case it seemed that since the convection was a matter of the air, simplicity 
and definiteness in the air spaces, rather than in the solid bodies, should 
be sought, and the problem was decomposed into that of a thin vertical, 
and that of a thin horizontal air layer.! 


VERTICAL CONVECTION. 


The vertical convection received the most attention. Direct observa- 
tion (with the aid of smoke) of the air currents, as well as their thermal 
phenomena, show that, for spaces usual in calorimetry, the flow, up one 
side and down the other, is approximately “‘stream line flow,’’ that is, 
free from eddies.? Assuming it to be entirely so, we obtain the following 
deductions, for surfaces whose height is not too small. 

1. The currents, while moving parallel to the surfaces, will, in general, 
carry no heat either to or from them. The ascending or descending 
currents, on first striking the surfaces, will take up or give out heat near 
the edge which they first strike, but will, as they move up or down, soon 
acquire nearly the same horizontal temperature distribution as might 
prevail in still air. Hence the total effect of convection will be inde- 
pendent of the height, that is, the convection effect per unit area will 
vary inversely as the height. 

2. Since stream line velocity is proportional to pressure difference, 
the speed of the currents where it prevails will vary as the difference 
of density in the air, and therefore as the temperature difference between 
the two surfaces. 

3. The velocity of the currents, and therefore the convection effect, 
will vary as the third power of the distance between the surfaces. This 
results from the same reasoning which gives the familiar rule that in small 
tubes the velocity varies as the fourth power of the diameter. It is true 
not only for uniform pressure, the case usually considered, but also for 
a pressure difference varying with the density of each vertical layer of 
air, that is, varying regularly across the space from one surface to the 
other. 

4. The convection will diminish with the mean temperature, on account 
of the increase in viscosity and rarity of the air. 

1 If the layers are not thin, and surround the same body, they will doubtless affect each 
other. This investigation was based on the notions: (1) That this mutual effect was negligible 
in the case practically presented by the calorimeter, and (2) that any investigation should 
begin with the simpler cases. 

2 By early calling my attention to these facts, Dr. H. C. Dickinson and Dr. E. Buckingham, 


of the Bureau of Standards, undoubtedly shortened the time required by the present 
investigation. 
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5. The convection currents themselves tend to destroy the tempera- 
ture difference which causes them. The faster the air moves, the farther 
up the plate will it go before reaching equilibrium temperature, the 
lower will be the mean temperature of the heated layer whose difference 
of density produces the flow. Hence for actual finite surfaces the currents 
will not increase with distance, etc., as fast as paragraphs 1, 2, 3, would 
indicate. 

The results, to the limit of their precision, proved to be in harmony 
with these deductions, except that they also revealed another effect 
which in some cases modifies perceptibly the amount of convection, and 
masked effect number 5, though without indicating that deduction 5 is 


not true. 
APPARATUS AND METHODs. 


The very simple air spaces called for by the plan of work were provided 
by using for the solid bodies plates of metal, each of which presented, 
practically, but one surface to the air. jr 
The heat was received by a flat, silvered = 
plate of copper; it flowed from the wall 2_ 
of a rectangular copper box inclosing 9 
each plate, which, tight soldered, was | 
immersed in an electrically heated bath 
of water or kerosene (Fig. 1). The 
change in plate temperature measured —_— 
the heat flow; the thermal head was the sim , 
temperature difference of box wall and 
plate. These two quantities were con- ms A; 
veniently measured by thermocouples 
soldered to the plates; a single differen- 
tial measurement gave the thermal head. ae ; 
Time was the only other quantity to be 
measured. 

Usually the temperature difference was 
kept constant. The plate was thus 
warmed regularly, and when the faster 















































Fig. 1. 


d fd i Convection apparatus. P, receiving 
rates were used a series of determina~ pastes. 5, silk suspension. W, wooden 


tions covering 30° in mean temperature locating pins. T, thermoelectric tem- 
was obtained in a few minutes. perature measuring wires. 

In a preliminary series the receiving plate was either a horizontal 
disc or a small hollow cylinder, inclosed in another cylinder 5 cm. in 
diameter. This series gave an apparently perfect confirmation of deduc- 


tion 1, above, but was not as accurate as the later work, and will not be 
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mentioned again. Subsequently flat plates were used, 2 mm. thick and 
8 cm. square, or about half the height of an average calorimeter. These 
were in pairs, back to back; the thermo-junction was between the two, 
and was thus protected from any direct effect due to the air. The junc- 
tion on the can wall was sometimes outside, in a kerosene bath, and at 
other times inside. This change of position appears to eliminate the 
slight systematic error arising from the difference between the tempera- 
ture of the plate itself and of its junction with a wire running out into 
fluid of slightly different temperature. 

Three different thicknesses of air gap were tried with the square plates: 
8 mm., I2 mm. and 24 mm. No guard rings were used, and the edges 
of the central plates did not reach the walls of the case. 

The work at the smaller thermal heads tested the precision of the 
apparatus to the full. Some especially good constantan wire, 0.125 mm. 
in diameter (Number 36), was available for the thermo-couples. The 
most important wires were tested and selected, and showed in electro- 
motive force against copper no variation over 0.0002. Readings were 
made to 0.1 microvolt, which corresponds to 0.0025° with a copper- 
constantan couple, and comparisons between heat transfer values, con- 
taining the errors of 4 observations, very rarely differed by over 0.2 




















Arrangement of apparatus, tank, and stirrer one-fifth actual size [or, scale, one-fifth size]. 
H, annular electric heater. 


microvolt for slow, and 0.4 for the more rapid, temperature changes, 
equivalent to I per cent. and 0.2 per cent., respectively. 

Since it is the change in plate temperature which is used in the calcula- 
tions any constant error in this reading is immaterial, while any variable 
error would be part of the visible accidental error. A very small con- 
stant error in the thermal head, or temperature differences of the plate,! 
however, might have caused a systematic error in the results. Hence 
such error was repeatedly looked for by making determinations with 
the head nearly equal to zero. The temperature change of the plates 


1 Unless it should be a proportional error, constant for all the observations. This would 
be unimportant, since it would still leave the results consistent with each other. 
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for zero difference was then almost invariably less than 0.0025°, the 
observational error, in periods of from 10 to 30 minutes. Control 
observations of temperature were made at various points on the outside 
can, and these indicated that temperature inequalities here were quite 
negligible. This uniformity was secured by the powerful stirrer, which 
was 12.5 cm. in diameter, and occupied about a third of the oblong tank 
(Fig. 2). Comparisons of the temperatures at 
different parts of the central or receiving plates 
showed, first, that the difference of temperature 
between top and bottom of the plate which is to 
be expected from the action of the convection 
current was present, and was, for the 12 mm. D k 
gap, 0.005 of the difference between plate and , 
can; and second, that this temperature distribu- | 
tion was nearly established in 15 seconds. There 
is therefore no doubt that in the results as ob- | 
tained there was present no error due to a fail- | 
ure to establish equilibrium soon enough. | 

The plates were supported by silk thread, and 7 
kept central by wooden pins, 3 for each pair, 
screwed through holes in the plates. The pins 
were 2 mm. in diameter, and their heat conduc- 
tivity was estimated to be 0.008 that of the air. 
It seemed improbable that they caused any dis- | 
tortion in the relative values of conduction and 
convection. But since a very unexpected rela- 



































tion appeared among the results, so that it 
seemed best to avoid even remotely possible = >— 
chances of error, one pair of plates (12 mm. gap) 
was given an all-silk suspension, as shown in Fig. Fig. 3. 

3. At the same time great precautions were Randi ahalile cements 
taken against distillation of vapor. (The dis- apparatus. Silk cords run 


tillation of only 0.2 mg. of water would have down the side tubes and can 
be drawn tight at any time 


: : ‘ after the case is soldered to- 
tillation took ten minutes, would have had a gether. G, glass tubes ce- 


significant effect on the results.) Hence the mented on for running dry 
bath fluid was changed from kerosene to water, ln cy om 4, 
in order to use a fluid which could be thor- 

oughly removed from the inside of the can, and whose presence there 
could be detected with certainty. The can was dried for from 3 to 9 
hours by a current of air after each day’s work, and the water removed 

















raised the plates 0.005°, and this rise, if the dis- 
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was caught in a drying tube and weighed. Over a milligram of water 
was usually obtained (whose origin is a puzzle, since the amount did not 
increase when the can was left 3 days in water, while the drying system 
alone without the can showed no such gain), but this was not enough to 
saturate the air, and hence could hardly have condensed on either plate. 
For this reason, and also on account of the consistency of the results, 
it seems practically certain that no perceptible error arose from vapor. 


RESULTs. 


The general plan of the observations was simple. For small tempera- 
ture differences between the two surfaces the convection was very small, 
hence heat flow measurement gave the conduction and radiation. But 
conduction and radiation are, for the same mean temperature of both 
surfaces, proportional to their temperature difference, hence the con- 
vection and radiation for larger thermal heads could be calculated, and 
the convection found by difference.!_ It was no part of this plan to deter- 

mine conduction and radiation for their own 
| ; | | sakes, and this is one reason why guard plates 




















central plate where the air currents first strike 


om oe could be omitted. For the convection itself 
© oh hl) L. they would have been of doubtful advan- 
£ eY 

: sx] ov] tage. Indeed, a guard plate at the end of the 
* Sate ° 

: 


r ! would evidently have tended to eliminate the 
| | | very thing we were trying to get. The con- 
vection effect was usually a small part of the 
Fig. 4. whole heat transfer, and could not be meas- 

Values of K, thermal transfer Ured with high proportionate accuracy, rather 
factor, for 8 mm. air gap. The was it important to get very consistent meas- 


circles represent half-hour aver- yrements of the total. And the absence of 
ages for a head of 1°, that is, 


practically for conduction and SUard plates, by simplifying the manipulation 
radiation with no convection. and measurements, promoted this end. In 
The angular curves are continu- addition it made it possible to traverse easily 
ous runs, with values higher than P 
then dhiidan ter the senennt Gen to and rapidly a large temperature range. 
convection. The finding of the convection from the re- 
sults for total heat transfer was done by cal- 
culating k, the heat transfer factor, or reciprocal lag, equal to the heat 
flow divided by the thermal head. This consists of two parts, one 
due to conduction and radiation, and constant for a given mean 
temperature, the other due to convection and increasing with the 
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1 Strictly speaking, we thus get, not the convection alone, but the convection plus the 
change which the convection currents make in the conduction—that is, the total change in 
heat flow due toconvection. But this is precisely what we wish to know for practical purposes. 
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thermal head. On plotting this factor against thermal head the intercept 

on the y axis is the conduction and radiation, the slope of the curve gives 

the increase of convection. (Fig. 7.) Figs. 4, 5, 6 show the original 

values of k, first plotted against mean : ) 

temperature, however, not against | | 
| 
| 





thermal head. 
Each point on the 10° and 20° " 
curves gives the result for a 5-minute | 

















interval. On the 5° curve the inter- ’ oe 

val was 10 minutes. The single points | 

for 1° and 2° are each the mean re- : : 

sult for a period of from 30 to 50 min- . | 

utes. These were each obtained by ? 

averaging a number of 10 minute in- 4 b ; ae on 
x 


tervals, which usually differed by less — | 


than I per cent., or from 0.1 to 0.2 
| 





microvolt. Edt ° 
, ; o* 
These data show directly the varia- Can 
. . . | Oo i 
tion with mean temperature, that is, ‘| 
= ie 0 | 
the increase of radiation and conduc- one. 2 | 
° | 


tion (1° and 2° thermal heads), and 
the decrease of convection (compari- “Ss 
son of different heads). The increase 
is consistent with theory if we sup- 
pose that the radiation varied from Results for 12 mm. gap, similar to that 


for 8 mm. Double circles a val f 
0.046 to 0.122 of the whole for the 8 ie hoarse then 
head of 2°. Underlined circles are in series 


mm. gap. As a matter of fact the 4, Series a and b differ in the method of 
radiation did not so vary, for the total getting the temperature of the outer plate. 
heat transfer was constant to I per 

cent. from beginning to end, so the conclusion is that the increase 
with mean temperature is of the right order of magnitude, but a little 
uncertain on account of the legitimate accidental errors in determining 
the very small heat flow for the lower temperature differences. 

The decrease in convection with mean temperature (Deduction 4) can 
not be disentangled from the experimental error for the 8 mm. gap. For 
I2 mm. it is about 0.019 per degree, while the combined increase in the 
viscosity and specific volume of air is near 0.0054. This apparent dis- 
crepancy will be considered presently. 

To avoid overcrowding the figures, a number of duplicates are omitted. 
Several are given to show the agreement, which usually but not always 
corresponds to the maximum precision of reading, or 0.0025°. The two 
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Fig. 5. 
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Results for 24mm. gap. Half circles are val- 
ues for a head of for 0.5°. 


Mean Temperature, 





SERIES, 


series with 12 mm. air gap repre- 
sent different arrangements of the 
apparatus. 

Figs. 4, 5, 6 serve as a presenta- 
tion of the original results, give 
an idea of the agreement ob- 
tained, and show the variation of 
heat transfer with mean tempera- 
ture. They are a little mislead- 
ing as to the variation with ther- 
mal head (difference of tempera- 
ture), since they are derived di- 
rectly from results expressed in 
microvolts, and the microvolt 
reading of a copper-constantan 
thermoelement is not exactly 
proportional to the temperature 
in degrees. This anomaly is re- 
moved in Table I., and in Fig. 7, 
derived from it, which show the 
value of k (total heat transfer 
divided by head) in the usual 
C.G.S. units for a mean temper- 
ature of 900 microvolts (about 
22.5°) for each of the three air- 
gap widths. The difference be- 
tween 1° and 2° for 12 mm. is just 
about the experimental uncer- 
tainty, or 5 per mille, as appears 
from Fig. 5. The exact position 
of the line for no convection is 
therefore a little in doubt, for this 
and the 8 mm. gap also. 

The results for these two gaps 
are in agreement with the original 
deduction (3) that the convection 
varies as the cube of the gap 
width, indeed, the ratio for differ- 
ent thermal heads evidently varies 
by less than the very small differ- 
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ence between the values for the 12 mm. convection. This extreme con- 
cordance may of course be partly accidental, and the range of width is 
too small for the results to be considered as a demonstration of any law, 
but the agreement is clearly all that could possibly be expected. 


TABLE I. 
Heat Transfer, in the Usual C.G.S. Unit, i. e., Calories per Second per Degree of Thermal Head 
per Square Cm. of Flat Surface, at 22.8° Mean Temperature. 
Where two values are given they show the range among determinations with different 
methods of getting the temperature of the outer plate. It will be seen that the value of the 
convection is practically unaffected by this difference of method. 








8 Mm. Gap. 12 Mm, Gap. 24 Mm. Gap. 
Thermal nee ; —_———| —- -—— 
Head. Total. ——— Total. Convection. Total. | Convection, 
sd 000 083 9° 000 065 | 
' .000 084 8 
10° | (7 109 | .000 084 0) | .000 000 1 
aonel 110 000 085 2/ 000 4 
wet 000 086 6 | .000 002 8 : 
4.95 | 000 111 - 001 { 88 1 003 + .000 090 | over .000 025 
\* | 
no | {000 112 |.000 003; .000 093 7 | .000 - . 
al { 113 | 003 95 2 | .000 011 000 106/ over .000 010 
— 000 107 7 | .000 024 
° | 9? n 
19.76 .000 116 | .000 007 { 1. 4 02 4 .000 126 over 000 000 


After a certain critical velocity is reached, streamline motion passes 
(suddenly in long tubes) over into turbulent motion, whose velocity 
then increases as the square root of the temperature difference (that is, 
of the driving pressure). Most of the 24 mm. gap results show an 
approximation to this condition, and have therefore been considered 
out of the range to which Deductions 1-5 fully apply. 

The 12 mm. gap results show an unmistakable tendency for the con- 
vection to increase faster than the temperature interval. This result, 
contrary to the inferred law for stream-line flow (Deduction 2), was 
unexpected, and the special precautions to secure accuracy, described 
above in the section on apparatus and methods, were taken mainly to 
be sure that no experimental error was responsible for the increase. That 
the effect comes from an abnormally low value of the convection for small 
intervals is unlikely. At least, I have been unable to imagine any cause 
for such an action. A satisfactory explanation is to suppose that the 
heat transfer for larger intervals is greater than that proper to stream- 
line flow. The main cause for this excessive transfer seems to be an 
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incipient turbulence at the ends of the stream, which carries across 
more heat, even though the velocity of the stream may perhaps be made 
less rapid by it. Indeed, the sharp distinction usually said to exist 
between stream-line and turbulent flow is characteristic only of long 

tubes. In short tubes turbulence 





enters more gradually, hence the 
results here observed are appar- 














ae ently only what should have been 
E | expected. Again, the apparently 

. | : ae ; 
B20 4—| excessive diminution, noticed 

| | . . . 

| ie | oC — above, of convection with increase 

| m . 
» Bo of mean temperature points 
strongly to turbulence, for we 

oo oe 


- «ot have something decreasing very 


& 
ay, b rapidly with increase of viscosity, 
| which is precisely what turbulence 
90 aT 








would be expected to do. Dickin- 





son and Van Dusen, also, by 





) measurements of air temperature 
/ | across the gap at the middle of 


Transfer Factor in Calories per 




















™ / plates 20 cm. high, found irregu- 
| larities which seem to indicate in- 
0.000060 | _J cipient turbulence, and this was 
0 5 10 1S 20 5 
Thermal Head in Degrees perceptible for a 15° difference 
© £ © 1 
Fig. 7. and a 15 mm. gap. 


; The temperature difference 
Heat transfer factor as a function of ther- 


mal head. Series a and 0 both indicated for 
12 mm. the inner plate for 12 mm. gap, 


(0.005 of the thermal head) along 


mentioned above, was surprisingly 
close (to about 10 per cent.) to that calculated, with some approximation, 
from the convection heat supply and the conductivity of the plate. (The 
formula derived gave the difference as nearly independent of the emissiv- 
ity of the plate.) The calculation was made on the supposition that the 
convection heat was all delivered at the edge of the plate (7. e., that De- 
duction 1 is correct), the result therefore furnishes an independent con- 
firmation of the reasoning and of the early experiments, not here given, 
on which that deduction is based. For the 24 mm. plate the observed 
difference was nearer half of that calculated. This result is consistent 
with the supposition that with the turbulent flow at that gap width 
part of the convection heat was delivered elsewhere than at the edge of 
the plate, though most of it near the edge. 


1 Presented orally to the Washington Philosophical Society, 1916. 
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Various more or less obvious extensions of these experiments would 
render the conclusions more complete, but for reasons already stated in 
part it has seemed best to limit the present work to its original purpose, 
of assisting calorimeter designing, which seems, in the main, already 
accomplished. 

CONCLUSIONS. 

On the whole, the conclusions anticipated at the beginning of this 
paper are supported, except that the convection investigated apparently 
proved not to be of the pure stream-line type to which those conclusions 
strictly apply, so that with it the convection transfer increases more 
rapidly with temperature than it would do with pure stream-line flow. 

This turbulence renders the convection effect more uncertain than it 
would otherwise be and, especially, more dependent on the conditions 
at the edges of the surfaces. An attempt at a theoretical treatment 
would apparently encounter decided complications. The clearance at 
the edges in the present case was made equal to the gap width for the 
8 mm. and 12 mm. intervals, as the closest practicable imitation of 
calorimetric conditions. In applying the results to calorimetric problems 
it seems safe to assume that where the air flow is practically of the 
stream-line type (7. e., for 8 mm. gap) the magnitudes here given would 
hold with practical exactness, but otherwise (e. g., for a 12 mm. gap) 
uncertainty as to the amount of turbulence would render conclusions 
uncertain by an unassignable amount, which, however, would not be 
a material detriment in calorimeter designing. The way in which the 
rim of the calorimeter was disposed might make considerable difference. 
In general, the smaller the variation from Newton’s Law, the more 
certain will be its determination by means of the above results. 

The absolute value of the heat transfer without convection in Table I. 
is evidently too high for conduction. This is accounted for by the effect 
of radiation, and also by the end (or edge) effects. It has already been 
said that not the slightest attempt was made to get correct values for 
conduction. Results for the convection alone are probably much less 
influenced by these disturbing factors. 

Of the results of others little is directly comparable with those given 
here. Most of the experimenters appear to have worked with cooling 
bodies as a whole, and not with simple air gaps. L. Lorenz! did a little 
work, and I. Langmuir? made a more complete investigation, with flat 
surfaces, but each used practically an infinite air gap, so their results 

1“Ueber das Leitungsvermégen der Metalle fur Warme und Elektrizitat,’’ L. Lorenz, 
Ann. d. Physik, 13, 586 (1881). 

2“*Convection and Radiation of Heat,’’ I. Langmuir, Trans. Am. Electrochem. Soc., 23, 
299 (1913). 
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do not seem comparable with ours. Dickinson and Van Dusen’s! results, 
however, were obtained with a range of air gaps which included ours. 
For 24 mm. gap their agreement seems not unsatisfactory with the 
present data and also with Deduction 1. For 15 degrees head they get 
the mean K per sq. cm. due to convection K = 0.000 030 for a height of 
18.6 cm., and about 0.000 050 for 9.3 cm. against 0.000 050 for 8 cm. 
interpolated from Table I. For 12 mm. and the same head, they get 
0.000 008 for 18.6 cm. height, which, since the mean K is inversely pro- 
portional to height, corresponds to 0.000 018 6 for 8 cm., practically the 
same as 0.000 018, the value according to Table I. For a 9.3 cm. height, 
however, they get 0.000 027, which is much greater than 0.000018. The 
discrepancy here with our result is evidently no greater than with their own 
result for a different height and the same gap; that is to say, for 12 mm. 
gap their results do not accord with Deduction 1, although for most gaps 
they do.* Moreover, this disaccord can not be explained by supposing 
that Deduction 1 is generally erroneous, and that turbulent flow occurs 
all over the plate, for this would evidently produce the opposite kind of 
disagreement. The explanation will doubtless be found through the 
continuation of Dickinson and Van Dusen’s investigation, whose inter- 
ruption is greatly to be regretted. The occurrence of such an apparent 
anomaly in so skilful work is at any rate an indication of the variegated 
possibilities of convection phenomena. Aside from it, the agreement 
between that investigation and this is almost unexpectedly good, con- 
sidering the precision of each and the radical differences which do in fact 
exist between the methods used. And even that anomaly does not ap- 
pear to affect materially the practical value of the present results, for 
the following reason. One principal difference between Dickinson and 
Van Dusen’s methods and ours is that their central plates extended to 
the edge of the air space, while ours did not. The turning point of the 
air currents, and the turbulence which is probably greatest there, thus 
come opposite a part of the central plates in their case, and not in ours. 
Our arrangement, of course, corresponds more nearly to calorimetric 
conditions. Moreover, the anomaly was observed for the rather large 
head of 15°. That anomaly, therefore, occurred under, and was probably 
dependent on, conditions not common in calorimetry. Furthermore, 
fortunately for the present purpose, comparatively large discrepancies 
in the convection constant correspond to small differences in gap width, 
so that in practical application to calorimeters it is easy without appre- 
ciable loss to make allowance for the possible uncertainty in the data. 


1 Loc. cit. 

2 This discrepancy was first demonstrated from the curves in the published paper, but 
subsequently the authors very courteously placed more complete and accurate data at my 
disposal, and these have been used in the above discussion. 
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HORIZONTAL SURFACES. 


The 8 mm. and the 12 mm. apparatus, with wood insulators, were used 
horizontally. The convection was surprisingly like that for vertical 
surfaces, in spite of the great difference in the character of the convec- 
tion currents in the two cases. Of course convection operated on only 
one of the two horizontal surfaces. The convection heat transfer was 
a little greater than that from both vertical surfaces, but since convection 
will only occur on one horizontal surface in a calorimeter also, the calo- 
rimeter, for gaps not over 1.5 cm., can be handled well enough by taking 
the convection per sq. cm. of each horizontal surface as equivalent to that 
from a vertical surface about 7 cm. high. 


SUMMARY. 


In very narrow layers of air between vertical surfaces at different 
temperatures the convection currents, in the main, flow up one side and 
down the other, with eddyless (stream-line) motion. It follows that 
these currents transport heat to or from the surfaces only when they 
turn and flow horizontally, from which fact it follows, in turn, that the 
convective heat transfer is independent of the height of the surface. 
It is, according to the laws of eddyless flow, proportional to the square 
of the temperature difference, and to the cube of the distance, between 
the surfaces. As the flow becomes more rapid (e. g., for a 20° difference 
and a distance of 1.2 cm.) turbulence enters, and the above relations 
begin to change. The change is apparently gradual, and the present 
results as well as some obtained by other experimenters are rather nega- 
tive as to the possibility of expressing the flow simply for the correspond- 
ing range of conditions, which covers those most usual in calorimetry. 
The results, however, are sufficient to serve as a practical guide in 
calorimeter designing. For the dimensions tested, convection in hori- 
zontal layers was a little over twice that in vertical. 


GEOPHYSICAL LABORATORY, 
CARNEGIE INSTITUTION OF WASHINGTON, 
WASHINGTON, D. C., 
July 5, 1917. 
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ELECTRICAL AND THERMAL PROPERTIES OF IRON OXIDE. 


By C. C. BIDWELL. 


URTHER data on electrical resistance and thermo-electric power 
of specimens of iron oxide, both Fe,O; and Fe3;0,4, together with 
data on thermal conductivity of FesO;, have become available since the 
publication of a report on the subject from this laboratory in July, 1916.1 
Thermo-electric power and resistance data have now been carried to the 
melting point of the oxides studied, approximately 1520° C., four 
hundred degrees higher than was possible with the earlier apparatus. 
Two methods of preparation were employed resulting in specimens of 
quite different physical behavior. The first method and that employed 
in the previous work consisted in first fusing a quantity of FeO; in an 
arc furnace thus producing, as chemical analysis showed, a solid mass of 
Fe,;0,. This was ground to an almost impalpable powder, compressed 
by means of a hydraulic press, baked at a bright red heat for one hour or 
more and then ground to the form desired, usually a rod some 15 mm. 
long by 6 sq. mm. cross-section. The tips of the specimen were melted 
by means of an oxy-hydrogen flame and platinum, platinum-rhodium 
thermo-junctions wires ‘‘frozen’’ in. The second method of preparation 
consisted in working the molten oxide into the form and size desired and 
fusing in the platinum junction wires as the specimen solidified. 
Chemical analysis showed the specimens prepared by the first method 
to have completely reverted, after the baking process, to Fe,O3. At 
room temperature the resistance of specimens so prepared is beyond 
10’ ohms. The specimens prepared by fusion without baking show a 
resistance of but one or two ohms at room temperature The specimens 
prepared by the first method are comparatively stable, the data being 
approximately reproducible, run after run (see Fig. 2). (These specimens 
could as well have been prepared by direct compression of the original 
Fe,0O; and baking without the fusing and resultant reduction. It was 
not known at this time, however, that the subsequent baking caused the 
reversion to Fe,O3.) The specimens prepared by the second method, 
that is, the Fe;0,4 specimens, are unstable, heating even to three or four 
hundred degrees causing a large permanent increase in resistance on 
1 Puys. REv., N. S., Vol. VIII., No. 1, p. 12 (1916). 
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cooling. Heating to 1400° C. causes a permanent radical change, the 
specimen behaving thereafter in all respects like the baked specimens 
(Fe,O;). Chemical analysis of such a specimen showed an oxidation 
to Fe,O;. The data for the fused unbaked specimens are therefore 
very rough and not reproducible. The curves for these specimens 
however serve to show the radical difference electrically between Fe;O, 
and FeO; (see Figs. 3 and 4). 


CORRECTION TO A PREVIOUS REPORT. 


As a result of the chemical analyses carried on in connection with 
the present work it is desired to here indicate a correction to a previous 
report, namely that on ‘Resistance and Thermo-Electric Relations in 
Iron Oxide,’’ published in the PHysicaL REview, N. S., Vol. VIII., 
No. 1, July, 1916. The specimens there reported upon are now known 
to have been Fe,O; rather than, as stated, Fe;0,. The specimens were 
Fe;O0, at the start but the present work has shown that the baking in 
air at a bright red heat always oxidizes the specimen completely to Fe.O3. 


METHODS AND RESULTS WITH FE2Qs3. 


The specimen, prepared by fusion and baking as explained above, was 
placed in the end of a mall quartz tube of about one cm. inside diameter, 
about the end of which were wound two turns of No. 20 platinum 
wire (xx’). The quartz tube containing the specimen and the wires 
(xx’) was placed in the center of a platinum-wound tubular furnace 
and resistance measurements taken by a fall of potential method as 








ind cated in the previous paper.! To get thermo-electric power a tem- 
perature gradient was established along the specimen by sending current 
through the wires xx’. As soon as equilibrium was established the 
thermo-electric power was observed. The heater circuit (xx’) was ‘then 
opened and, when temperature equality was reéstablished along the 
specimen, the resistance observations were repeated as a check on the 
first readings. The readings are thus seen to be simultaneous to the 
extent that it is possible to get simultaneous observations of two proper- 
ties, one of which requires a uniform temperature, the other a temperature 
gradient. From five to ten minutes were required for the establishment 
of equilibrium conditions in the above cases. 


1 Loc. cit. 
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The observations, of course, give the thermo-electric power for the 
oxide against platinum. This was found to be negative for the lower 
ranges and, at 400° C., of the magnitude of 600 micro-volts per degree. 
The sign was determined by means of the rule stated in a previous 
paper,! viz., if current flows from the oxide to platinum across the hot 
junction, the oxide is said to be negative to platinum, and the E.M.F. is 
taken as negative. 

Resistance measurements were plotted in accordance with the equation? 


Logie WT? = A 7+ B. 


W is the resistance (specific resistance was not determined). T is the 
temperature on the absolute scale; A and B are constants. 

Observations in the past have shown considerable variation on succes- 
sive runs in both resistance and thermo-electric power values. In order 
to study these changes on successive heatings, a series of runs were taken 
on the same specimen, the specimen not being mechanically disturbed 
in any way during the whole series of observations. Four runs were 
thus obtained, each run starting at a higher temperature than the pre- 
ceding. Observations were taken with descending temperature steps. 
The data are shown graphically (Fig. 2). Simultaneous resistance and 
thermo-electric power runs are shown plotted together. 

The transformation previously reported* at 710—730° C. is confirmed 
by both resistance and thermo-electric power lines on every run. The 
thermo-electric power line is straight up to the transformation point, but 
beyond that temperature steadily and consistently deviates, showing two 
reversals in sign. A second, very marked, reversible transformation is 
revealed at 1320° C. by the behavior of both the resistance and thermo- 
electric power lines. An inversion point for FesO3; at 1250—1350° C. 
has been reported by Kohlmyer* on evidence obtained from cooling 
curves. Kohlmyer also reports an inversion at 1028-1035° C. This 
latter point was not corroborated by the present data. 

The variations in the different runs are probably due to the dissociation 
and recombination of oxygen on heating and cooling the specimen. The 
amount of recombination on each occasion depends probably upon the 
rapidity of cooling. 

In the previous paper’ a relation was thought to be indicated between 


1 Puys. REv., N. S., Vol. III., No. 3, p. 207. 

2 For discussion of this equation see previous paper, Puys. REv., N. S., Vol. VIII., No. 1, 
p. 12. 

3 Loc. cit. 

4E. J. Kohlmyer, Metallurgie, 6, 323-325 (1909). 

5 Loc. cit. 
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Fig. 2. 
Resistance and thermo-electric power of a specimen of Fe2Os, 
specimen. The resistance lines are plotted to the scales indicated to the right and along the 
bottom. The thermo-electric power lines follow the scales indicated to the left and at the top. 


—successive runs on the same 
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(Q) the electron heat of dissociation (proportional to the slope of the 
resistance line) and the slope of the thermo-electric power line, viz., 
that an increase in (Q) meant a decrease in the rate of change of thermo- 
electric power and vice versa. The present data does not bear out this 
idea but rather indicates no simple relation between these quantities. 


METHODS AND RESULTS WITH FE;Q,. 


Specimens prepared by fusion without subsequent baking were found 
upon analysis, as before stated, to be pure Fe;0,. These specimens 
were ground to approximately the same size as the baked specimens 
and upon them the same electrical measurements were made. Since 
oxidation goes on more and more rapidly as temperature rises, clear-cut, 
definite results on temperature variation of the property under study 
are not possible without control of the oxygen pressure. Certain general 
information however can be obtained. The Fe3;0,4 specimens are char- 
acterized by low resistance (one or two ohms at room temperature), 
with negative temperature coefficient, the resistance dropping to two or 
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Fig. 3. 


Resistance and thermo-electric power of a specimen of Fe304 (showing oxidation at 1400° C. 
to Fe203). Resistance is plotted directly against temperature. 


three tenths of an ohm at 1200° C. The resistance curves (see Figs. 3 
and 4) usually indicate a transformation between 600° and 800° C. On 
cooling from 1400° C. the resistance increases rapidly and if the heating 
has been sufficiently prolonged (one hour or more) the specimen then 
behaves in all respects like Fe,O3;. The resistance on cooling to room 
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temperature may be anything between the initial value of one or two 
ohms and 10’ or more ohms depending upon the degree of oxidation. 
Specimens which showed the complete change to the behavior of FesO3 
specimens were found on chemical analysis to have the corresponding 
composition, namely 70.0 per cent. iron. Approximately the same 
thermo-electric power line was obtained with four different specimens. 
The relation is indicated by two straight lines differing slightly in slope, 
the transition from one to the other occurring between 700° and 800° C. 
The values of thermo-electric power are small corresponding to the low 
resistance of the specimen. After prolonged heating the line becomes 
the typical thermo-electric power line for Fe,O3. Figures (3) and (4) 
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Fig. 4. 


Resistance and thermo-electric power of a specimen of FesO, (showing oxidation at 1400° C. 





to Fe2O3). Resistance is plotted directly against temperature. 


show resistance and thermo-electric power changes on heating, for two 
specimens of Fe;0,. The dotted lines indicate the behavior on cooling. 

Recent observations of Sosman and Hostetter! have shown the possi- 
bility of solid solution in the system Fe,O;—-Fe;O, with all gradations of 
ferrous iron from zero to 33.33 per cent. A more exact study of the 
effect on the electrical resistance of the dissociation of oxygen, or the 
variation of ferrous content, at a given temperature, is now being 
attempted. 

THERMAL CONDUCTIVITY OF FE,Q3. 

Very little is known concerning the change of thermal conductivity 
with temperature in the case of the so-called ‘‘variable’’ conductors of 

1 Am. Chem. Jour., Vol. XXXVIII., No. 4, Apr., 1916. 
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which iron oxide is a type. Even in the case of metals, data over wide 
temperature ranges are quite meager. Therefore a study of the thermal 
conductivity of iron oxide seemed to offer interesting possibilities of 
information in this field. By the method described below it has been 
found possible to obtain results through a temperature range of about 
1000 degrees. These results though admittedly rough are thought to be 
significant. The absolute values are not of great importance since they 
depend somewhat upon the density and composition of the particular 
specimen and these factors are determined largely by the mode of 
preparation and the heat treatment. The law of temperature change 
however is significant since it is probably not effected by the uncertainty 
as to whether all the values are high or all low. 

Powdered Fe;0,, prepared by fusing pure FeO; in a carbon arc, was 
compressed in an iron cylinder The iron cylinder was 16.0 cm. long, 
5.8 cm. outside diameter, 3.38 cm. inside diameter. At the center of 
the cylinder was held an iron rod, one cm. in diameter, and wrapped in 
several thicknesses of paper. This rod was allowed to pass through a 
hole in the piston used with the hydraulic press and in this way the 
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Fig. 5. 


oxide was compressed about it. After compression the whole arrange- 
ment was heated to a bright red heat and the iron rod easily withdrawn 
owing to the charring of the paper covering. This left a hole through 
the center of the solidly packed oxide core extending the length of the 
specimen. The central hole was designed to carry a heating coil (see 
Fig. 5). This heating coil was of nichrome wire and was wound on the 
inside of a quartz tube which was of such diameter as to fit the hole 
closely. Junction wires of platinum and platinum-to per cent. rhodium 
were placed at A, B, C and D (Fig. 5). The wires for A and B were run 
through the central hole between the oxide and the quartz tube. The 
fit was so tight that the junction enlargements were believed to be tightly 
pressed against the inner surface of the oxide. Junctions C and D reached 
the outer surface of the oxide through holes in the iron casing. These 
holes were plugged with alundum cement. In order that a radial heat 
flow from the central portién might be reasonably certain, the oxide and 
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its iron casing were sawed through at M and N and then bolted together 
again. A contact of this sort offers a high resistance to the flow of heat 
across it. The length of this central section was 4.94 cm. The input of 
energy into the section MN was obtained by measuring the current and 
the potential drop through the heater, multiplying the pd. by 0.309, the 
ratio of the length of the central section (7) to the entire length (PQ). 
The quartz tube containing the heating wires was packed with powdered 
aluminum oxide to eliminate convection. The outer iron casing was 
covered with about 5 mm. of alundun cement in which were embedded 
the junction wires leading to D and C. This whole arrangement was 
then slipped into the center of another iron cylinder approximately twice 
as long as PQ and of such diameter as to fit the specimen closely. The 
outside of this cylinder was also covered with a layer of alundum cement 
and in this was embedded a winding of nichrome ribbon running the 
whole length. Ordinary asbestos packing completed the construction. 

The specimen could be heated uniformly to any desired temperature 
up to 1050° C. Tests when the inner heater wires were carrying no 
current gave uniform and steady temperatures after about five hours’ 
heating. The criterion was simply that all four junctions should read 
alike. The final observations for thermal conductivity were made after 
both the outside furnace and the inner heater current had been on for 
some six to eight hours. Readings were begun after about five hours’ 
heating and then taken every half hour, the last two or three readings 
usually being constant and indicating steady conditions. 

The method above described is similar to that employed by Angell! 
in measuring heat conductivity of nickel and aluminum 
merely in that the shape of the specimen was cylindrical. 
In detail the methods are quite unlike. 

In order to compute (k), the thermal conductivity, the 
input of energy into the section (ZN) was equated to Fig. 6. 
the radial flow across this section. This is expressed by 
the equation 





“= bane. (1) 
Pd is the potential drop across the specimen (length MN); I, the cur- 
rent; J, the mechanical equivalent of heat; k, the thermal conductivity; 
l, the length of the specimen (MN)(= 4.94 cm.); d7/dx, the temperature 
gradient at the distance x from the center; 7, the radius of the hole 
(= .536cm.); 72, the outer radius of the oxide (= 1.69 cm.). 
1M. F. Angell, ‘*Thermal Conductivity at High Temperatures,’’ Puys. REv., Vol. 
XXXIII., No. 5, p. 421 (1910). 
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Equation (1) may be written 


PdI ("dx 7 
ark J.J, = J. wal 


and upon integration gives 
= PdlI 7 | ( “) 
~ 20JUT, — Ti) 8 Ny) 
The table accompanying will serve to indicate the degree of accuracy of 


the results. The average of the readings of A and B was taken as the 
temperature of the inner surface; that of C and D, of the outer surface. 


(2) 


Even when very large temperature gradients were used, such as 133° in 
one case, 76° in another, the values were found to be in good agreement 
with results obtained with much smaller temperature gradients (40° or 
thereabout). This is regarded as indicating the essential correctness 
of the results. The justification for considering the average of the inner 
junctions as giving the correct temperature of the inner surface, and the 
average of the outer junctions as giving the correct temperature of the 
outer surface is found in the general line-up of the points as shown on 
the curve (Fig. 7). Unless the averages gave pretty closely the correct 
values such consistent behavior would be hard to account for. Some 
uncertainty necessarily exists concerning the exact composition of the 
oxide at each temperature at which measurements were made. Chemical 
analysis at the close of the work showed 70.0 per cent. iron, the exact 
percentage required for Fe,O3. Since heating for some eight hours was 
found necessary for steady conditions before thermal conductivity could 
be measured, and since the first measurements were made at the upper 
temperatures (1047°, 905° C., etc.) there can be very little doubt that 
the oxide was at least very closely of the composition Fe.O; throughout 
the observations. The indication of a linear relation between thermal 
conductivity and temperature for the class of materials exemplified by 
iron oxide is regarded as the significant part of this work. The data 
were taken in the order given in the table. 

The remarkable difference here brought out between the behavior of 
electrical and thermal conductivity, the former increasing rapidly accord- 
ing to an exponential law, the latter slowly according to a linear relation, 
indicates probably a different mechanism involved in these two effects. 
The behavior of electrical conductivity is explained by K6nigsberger! 
as due to the increase in the number of free electrons with rising tempera- 
ture. An indication of the relative number of free electrons is given by 
the thermionic emission from bodies of this class. For glowing lime 


1J. Kénigsberger, Jahrbuch d. Radioaktivitat, Vol. II., p. 84, 1914. 
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Data for Thermal Conductivity of FesO«. 








4. | & | G | » | gZome | Axe | Sorte | a 
1,064° | 1,072° | 1,026° | 1,024° 43° 1,047° | 18.91 | .00390 
918 | 934 887 | 883 41 905 | 15.16 | .00335 
732 | 734 675 663 65 701 | 18.37 | .00255 
84914, 84914 798 792 5414 822 18.45 | .00300 
861 863 812 806 53 835 18.45 | .00309 
880 881 831 | 825 | 52% 854 18.75 | .00317 
895 898 847 842 | 52 870 18.75 | .00320 
308 310 173 175 133 242 22.57. | .00149 
282 | 281 217 216 | 65 258 11.28 | .00154 
439 | 441 38814; 38514| 53 415 11.30 | .00189 
536 539 | 491 489 | 47% 515 11.50 | .00214 
616 | 619 576 572 | 43% 595 11.37 | .00232 
677 | 681 640 636 | 41 658 11.50 00251 
645 | 647 605 602 | 4214 624 11.42 | .00239 
668 | 674 635 630 | 391% 651 11.28 | .00249 
729 731 694 | 688 | 39 711 11.33 | .00258 
735 738 701 695 | 38% 718 11.30 | .00260 
750 | 755 720 | 709 | 38 734 11.50 | .00269 
777 «| ~—s« 781 746 738 | (37 759 11.60 | .00279 
855 | 860 828 822 | 32% 842 11.53 | .00314 
193 | 201 120 122 | 76 159 11.15 .00130 


the law of electron emission is an exponential one of the same type as 
that expressing the change of electrical conductivity with temperature.! 
Thermal conductivity therefore seems to bear no simple relation to the 
number of free electrons. 

A very interesting phenomenon brought out by the curve is the break 
at 720° C. corresponding very well with the break in the resistance and 
thermo-electric power lines at that temperature. 


SUMMARY. 

The work here reported is an extension of previous research on electrical 
resistance and thermal electromotive forces in the oxides of iron. The 
methods have been improved, the measurements of the two properties 
have been made more nearly simultaneous and have been extended to 
the melting point of the oxides (1520° C.). 

The chemical composition of the specimens has been investigated 
and the difference in the electrical behavior of the two oxides, Fe,O3 
and Fe,;Q,, shown. 

A correction to a previous report has been indicated. 

The previously reported transformation for Fe.O3; at 710°-730° C. is 
verified. The thermo-electric line below this point is again shown to be 

1H. A. Wilson, Phil. Trans. A., Vol. CCII., p. 243, 1903. 
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straight, while above this point the more extended data indicate a very 
different law, a maximum positive value being reached in the neighbor- 
hood of 1125° C., the values thereafter decreasing to zero and then 





becoming negative, thus showing two reversals in sign. <A transformation 
at 1320° C. probably involving some change in structure is clearly indi- 
cated by the behavior of the thermo-electric line in this region. 

The electrical resistance in the case of Fe2O; is found to obey the 
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Thermal conductivity and temperature (Fe2Os). 


exponential law suggested 
by K6nigsberger for sub- 
stances of this class and is 
plotted to the correspond- 
ing logarithmic equation. 
When so plotted the two 
transformations revealed 
by the thermo-electric pow- 
er lines are strikingly cor- 
roborated. 

The electrical resistance 
and thermo-electric power 
of Fe;0, as a function of 
temperature is reported 
upon. Owing to change in 
composition (oxidation) 
which occurs on heating, 
the pure temperature varia- 
tion is masked, but a wide 
difference from the beha- 
vior of Fe,O3 is shown. 

Values of thermal con- 
ductivity of Fe,O; up to 
1050° C. have been ob- 
tained. The change of 


thermal conductivity with temperature is found to be a linear one. The 





data are shown graphically by two straight lines intersecting at approxi- 
mately 720° C., the transformation point previous brought out by the 
resistance and thermo-electric power lines. 

The work was performed in large part in the summer of 1916 under a 
grant from the Carnegie Institution of Washington. 


CORNELL UNIVERSITY, 
September, 1917. 
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THE ULTRA-VIOLET AND VISIBLE ABSORPTION SPECTRA 
OF PHENOLPHTHALEIN, PHENOLSULPHONPHTHALEIN, 
AND SOME HALOGEN DERIVATIVES. 


By H. E. Howe Anp K. S. GIBSON. 


N this paper are given the results of a quantitative study of the 
absorption spectra of phenolphthalein and its halogen and sulphon 
derivatives with particular reference to the effect of the substitution of 
halogen for hydrogen and to the relation between chemical constitution 
and absorption in cases where color results from the addition of alkali 
to neutral solutions of the phthaleins. 

The investigation was carried out in the physical laboratory of Cornell 
University, having been made possible by a grant from the Carnegie 
Institution to Professor E. L. Nichols. For information and suggestions 
concerning the chemistry of the problem the authors have been dependent 
upon Professor W. R. Orndorff and Dr. S. A. Mahood, of the department 
of chemistry, who have supplied the substances studied and have followed 
the work closely. 

THE COMPOUNDS STUDIED. 

Phenolphthalein may be considered the parent substance from which 
the other compounds studied are derived by the substitution of chlorine, 
bromine, or iodine atoms for the hydrogen atoms attached to the carbon 
atoms of the benzene rings of the molecule. This compound, which is 


a condensation product of phthalic an- 


hydride, OC—C,sH,—CO with phenol, OL Gs O. 0) 
” c 
c 
No 0 


C.Hs.OH, is given the structural formula 
shown in Fig. 1 (a). Phenoltetrachloro- 
phthalein is a derivative in which four 
chlorine atoms are substituted for the 
hydrogen atoms in the phthalic acid res- 
idue, i. e., for the four hydrogen atoms ( Phenolphthalein. 

7 , * (6) Di-potassium salt of phenolphtha- 
which are in the lower benzene ring in ie 
the formula. . 

Both of the above compounds may have derivatives formed by the 
substitution of two bromine atoms or two iodine atoms in each of the 


K 
C=0 teo 


Fig. 1. 
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benzene rings of the phenol part of the molecule. The resulting 
compounds are named tetrabromo- and tetraiodophenolphthalein and 
-phenoltetrachlorophthalein. The six substances are colorless in the 
finely divided crystalline form in which they are obtained. They do not 
dissolve in alkali-free water, but dissolve in neutral alcohol, forming 
colorless solutions. The addition of alkali to the neutral solutions causes 
the appearance of color. 

The appearance of color in such cases has generally been assumed 
to be ‘accompanied by the transformation into a derivative of quinone,”’ ! 
and the graphic formula given to the di-potassium salt is that shown in 
Fig. 1 (0). 

APPARATUS AND PROCEDURE. 

The absorption in the visible part of the spectrum was measured with 
a Lummer-Brodhun spectrophotometer,? with the acetylene flame as a 
source. The ultraviolet absorption was determined photographically 
by means of a Hilger sector photometer’ in connection with a large Hilger 
quartz spectrograph. The source in this case was the aluminum spark 
under water, which gives a continuous spectrum as far as the quartz 
system will transmit. 

The absorption curves are plotted to show the molecular absorption 
constant as a function of the frequency. The frequency is the reciprocal 
of the wave-length in millimeters, e. g., wave-length 5,000 ALU. equals 
frequency 2,000. The absorption constant £6 is defined by the equations 


I I 
ra B= - x Logie 7 , 
where J represents the intensity of light transmitted by a cell filled with 
the pure solvent, J’ the intensity of light transmitted by a similar cell 
filled with the solution, d the thickness of the absorbing layer in centi- 
meters, and c the concentration of the solution. As a concentration of 
.0OOI gram-molecule per liter, 7. e., .ooo1N, was found convenient for 
the photographic work, this concentration was taken as the unit. If the 
concentration were expressed in gram-molecules per liter, the constant 6 
obtained would be 10,000 times that plotted. While a concentration of 
.ooo1 N and a thickness of I cm. was satisfactory for most of the photo- 
graphic work, the weak color of certain solutions made it necessary to 
vary the concentrations from N/10000 to N/64 and the thickness of the 
absorbing layer from .3 cm. to 10 cm. 

A check on the accuracy of the measurements is given by the over- 


= 10°" or 


1 Perkin and Kipping, ‘‘Organic Chemistry,’’ p. 531. 
2K. S. Gibson, PHysICAL REVIEW, 7, p. 194, 1916. 
3H. E. Howe, PHysICcAL REVIEW, 8, p. 674, 1916. 
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lapping of the curves obtained visually and photographically. The visual 
readings were extended in the blue nearly to frequency 2,200, and the 
photographic measurements could be made to a frequency approximately 
2,000. The agreement of the two methods was very good in most cases. 

The solutions were prepared in the following manner. A weighed 
amount of phthalein was dissolved in neutral absolute alcohol, the 
amount of alcohol being so chosen that a stock solution was obtained 
somewhat stronger than was desired for study. Neutral solutions for 
study were made by further diluting this stock solution, while alkaline 
solutions were prepared by adding to a measured volume of the stock 
solution a calculated volume of N/10o solution of potassium hydroxide 
in absolute alcohol until there were present one, two, four, or ten mole- 
cules of alkali for each molecule of phthalein, after which more alcohol 
was added to obtain the desired concentration of phthalein. 

Aqueous solutions cannot be so prepared, as the phthaleins will not 
dissolve in pure water. A weighed amount of phthalein was dissolved 
in a calculated volume of N/100 potassium hydroxide in water, and more 
water was added to obtain the desired concentration of phthalein. 


DETAILS OF ABSORPTION SPECTRA. 
1. The Effect of the Substitution of Halogens. 
The neutral .ooo1N alcoholic solutions of the six phthaleins studied 
give absorption curves shown in Fig. 2. All six curves show more or less 
plainly two bands near frequency 3,500, and increasing general absorption 
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Fig. 2. 


beyond 3,800. Weaker solutions showed no other bands with frequencies 
less than 4,200, the working limit of the apparatus. 

The short vertical lines indicate the positions of band centers as 
estimated directly from the negatives. When a negative is viewed as a 
whole the contrast effects often make the bands seem plainer than the 
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curves show them, since the points plotted are found by examining a 
very small portion of the plate at a time. For example, the tetraiodo- 
phenoltetrachlorophthalein negative showed indications of two bands 
when viewed as a whole, while the actual values obtained gave a curve 
with merely a broad shoulder. The probable shape of the curve is 
indicated by a dotted line. The use of plate contrast to locate bands 
would not be allowable if the source gave other than a continuous 
spectrum. 

The substitution of bromine or iodine for hydrogen increases the 
absorption and shifts the bands of lower frequencies, apparently 
without any change of frequency difference. The presence of four 
chlorine atoms in the phthalic acid residue, besides adding a shoulder 
to the side of the curve, seems to be accompanied by a coming together 
of the two bands. As seen on the curves, this approach seems to be 
effected by the shift of the band of lower frequency toward higher 
frequencies, and it is interesting to note that for alkaline solutions a 
similar shift of the ultra-violet bands toward higher frequencies accom- 
panies the substitution of chlorine (Table I.). 


TABLE I. 
Frequencies of Absorption Bands for Alkaline Solutions. 


Alcoholic Solutions. 








Band Frequencies. 


I is ccicaniete ca and Sis. ost Sores oie widaldaa as i 

















780 2,750! semiaig 
Tetrabromophenolphthalein......................... 1,700 nae 3,210 
Tetraiodophenolphthalein......... ee eee 1,675 ver 3,195 
PrenmoitettachiorOphthalesn ........ 2.2.25. ce ccc sseocen 1,715 2,750! 3,570 
Tetrabromophenoltetrachlorophthalein............... 1,625 aes 3,265 
Tetraiodophenoltetrachlorophthalein................. 1,600 asi 3,250 
Aqueous Solutions. 
OI icine, imu 0 ethnic om @ wes los wwe mew dae 1,810 2,710 3,500! 
Detrabromophnenolphthalein... ... ... 2.0 cece vec aes ss | 1,725 | 2,550! 3,280 
Be re | 1,685 | 2,500! 3,200 
P MEMOMCEIACTIOTODMENAICIN . ww). occ ccc ic cc ascnce 1,740 | 2,760 3,590 
Tetrabromophenoltetrachlorophthalein...............; 1,640 | 2,650! 3,290 
Tetraiodophenoltetrachlorophthalein................. 1,610 2,570 3,240 





The change from neutral to alkaline solution is accompanied by a 
marked change in the character of the absorption (Figs. 3 and 4), which 
now shows a band in the visible and a single band near 3,200, followed 
by increasing general absorption beyond 3,500. The following deviations 


1 Frequency of band center only approximate. 
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from this general result may be cited: phenolphthalein with ten molecules 
of potassium hydroxide shows a weak band near 2,700 and a very slight 
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indication of a band near 3,400, while phenoltetrachlorophthalein with 
six or ten molecules of alkali shows bands near 2,700 and 3,500. For 
the exact location of the bands, see Table I. 
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Both visible and ultra-violet absorptions increase with the amount of 
alkali present up to twenty molecules, though this increase is not so 
rapid after the total amount of potassium hydroxide is more than two 
molecules per molecule of phthalein. 

The band in the visible shifts toward the red with the substitution of 
chlorine, bromine, or iodine for hydrogen (Fig. 8). 

The dilute solutions of tetrabromophenolphthalein and _tetraiodo- 
phenolphthalein used for photographing did not show color through a 
1 cm. layer. In order to obtain the curves-of absorption in the visible 
region it was necessary to use stronger solutions. It may be noted that 
the ultra-violet absorption of the apparently colorless solutions is of the 
same type as that of the colored solutions of the related compounds. 
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Fig. 5. Fig. 6. 


In the visible region the absorption bands of the aqueous solutions 
(Figs. 5 and 6) are similar to those of the alcoholic solutions but the value 
of the maximum absorption is increased two to nine times and the bands 
are shifted toward higher frequencies. The solutions show increasing 
absorptions in the same order as do the alcoholic solutions of the same 
strength of alkali, viz., tetrabromophenolphthalein, tetraiodophenol- 
phthalein, tetrabromophenoltetrachlorophthalein, tetraiodophenoltet- 

rachlorophthalein, phenolphthalein, and _ phenoltetrachlorophthalein. 
- The last-named substance has a maximum absorption 180 times the first 
in aqueous solution and 450 times in alcoholic solution. 

All of the aqueous solutions show weak ultra-violet bands near fre- 
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quency 2,600. To bring out this band photographs were made with 
stronger solutions and the points so obtained are indicated on the curves 
by small circles close together. The solutions of tetrabromo- and 
tetraiodophenolphthalein containing potassium hydroxide did not show 
this band with the low concentrations first used. As such a band had 
been earlier reported by Meyer and Fischer,' solutions were prepared 
by their method of treating an excess of phthalein with half normal 
sodium hydroxide, filtering off the undissolved phthalein, and diluting 
the solution to the concentration indi- 
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cated in Fig. 7, which shows the band Pippen api 
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other cases because of the different 





method of preparing the solution. 

















The maximum absorption in this weak CRE 
band changes with the phthalein in the 
same order as does the band in the “” — oe _— 
visible. This indicates a connection be- Fig. 7. 


tween the bands and suggests that a 

corresponding band in the ultra-violet should appear in the alkaline 
alcoholic solutions. Such a band does appear in the solutions that are 
most strongly absorbing, 7. e., phenolphthalein and phenoltetrachloro- 
phthalein.? 

This band, like the band in the visible, shifts toward lower frequencies 
with the substitution of bromine or iodine. But unlike the band in the 
visible, it shifts in the opposite direction upon the substitution of chlorine. 
A shift of this latter sort is shown by the stronger ultra-violet band near 

,200 when chlorine is substituted. This is true in both alcoholic and 
aqueous solutions. Hence in its shifts the weak ultra-violet band seems 
related to the other band in the ultra-violet, while in its variations in 
intensity it seems related to the band in the visible. 

In striking contrast with the behavior of the bands in the visible and 
near 2,600, the prominent band near 3,200 in the ultra-violet shows a 
maximum absorption of approximately the same value for all solutions, 
alcoholic and aqueous. The absorption is slightly increased by the sub- 
stitution of chlorine. 

Fig. 8 shows the collected curves of visible absorption of the alkaline 

1 Ber. d. Deut. Chem. Gesell., 44, p. 1944, 1911. 

2 Since this paper was completed a careful examination of alkaline alcoholic solutions of 


tetrabromo- and tetraiodo-phenoltetrachlorophthalein of greatly varying concentrations 
has been made. No trace of the band near frequency 2,600 was found. 
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solutions. The solutions used for obtaining the curves in the upper 
row contained ten molecules of potassium hydroxide per molecule of 
phthalein. Tetrabromo- and tetraiodophenolphthalein solutions were 
so weakly colored that the only solutions examined in the visible were 
N/1000 with ten molecules of alkali. The other solutions whose absorp- 

tions are shown in Fig. 8 con- 
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hese: pat seen that the frequency of 
S ! band center is not a function 
of molecular weight alone. 
d Thus the salt of tetraiodophe- 
p— | ato nolphthalein (mol. wt. 898) has 
a band centering at a frequency 
Feat higher than that of tetrabro- 
i aes mophenoltetrach lorophthalein 
ae ! (mol. wt. 848). The position 
£ of the absorption band might 
ya reasonably be expected to de- 
pend upon both the halogen 
substituted and upon its posi- 
—_ siesta verre" | tion in the molecule. With 
\- | = this in mind, the frequencies 

cele - -_~ ww © " 
\ \ | \ of band centers were plotted 
8 | \ [ + \ against molecular weights (Fig. 
= ‘ia \ | ae 5 "mio 9) when it was found that the 
/ > he i points lay on two curves cor- 
077 ss ——jx zd 31a}. - Yesponding to the two groups 
Fig. 8. into which the compounds may 








be divided. One group includes 


phenolphthalein and those of its derivatives in which bromine or iodine- 


are substituted in the phenol part of the molecule. The other group 
contains phenoltetrachlorophthalein and its corresponding derivatives. 
The authors propose to predict from these curves the centers of absorp- 
tion bands that would be found for solutions of phthaleins in which 
chlorine is substituted in the phenol part of the molecule or in which 
bromine or iodine is substituted in the phthalic acid residue.' 
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TABLE II. 


Alkaline Aqueous Solutions. 


Previously Found. Found by Authors, 





Band No, |——— 
AY 1/A, 1/A, 
PRenciphthalem . 2.4... 2.05 600ss000 1 5585! 1,790 | 1.810 
.5500? 1,820 | ' 
| 2 | 3722 2,690 | 2,710 
| 3 | 3,500 (approx.) 
Tetrabromophenolphthalein........ | 1 581! | 1,720 | 
.58352 1,715 1,725 
2 .3892 2,570 2,550 (approx.) 
3 | 3,285 


1 Meyer and Marx, Ber. d. Deut. Chem. Gesell., 41, p. 2446, 1908. 
2 Meyer and Fischer, Ber. d.-Deut. Chem. Gesell., 44, p. 1944, I9I1I. 
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not to be so pronounced (Fig. 7) Fig. 9. 
as the curve given by Meyer and Fischer would indicate. 

1 At the time this prediction was proposed, phthaleins with the suggested halogen substitu- 
tions had not been prepared. Since this paper was completed, tetrachlorophenolphthalein 
has been prepared under the direction of Dr. S. A. Mahood, of the Department of Chemistry, 
and its absorption band determined by Mr. E. P. Tyndall, who found that alkaline solutions 
gave bands centering at 1695 in alcoholic solution and at 1,720 in aqueous solution. (See 
the following article.) Since the molecular weight of the di-potassium salt of the compound 
is 532, the frequencies predicted from the curves are 1,739 and 1,770, and are far from 
agreement with those actually found. A further test of the prediction would be interesting. 
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2. The Relation of Absorption to Constitution. 

The difference in type of absorption spectra of solutions of a phthalein 
and of its di-potassium salt may be taken to mean that there is a funda- 
mental difference in the structure of the two molecules. One way of 
representing this structural difference is shown in the graphic formulas 
given in Fig. 1 for phenolphthalein. 

If all the alkali added to a solution of the phthalein reacted to form 
the colored salt, the conversion of the phthalein would be complete 
when there had been added two molecules of potassium hydroxide per 
molecule of phthalein, and the addition of more alkali would produce no 
effect on the absorption. The curves for the alcoholic solutions show 
that such a complete conversion of the phthalein does not take place. 
For example, the visible absorption of phenolphthalein could not be 
measured when only two molecules of alkali were present, and it con- 
tinued to increase with alkali up to the greatest amount added, 17. e., 
ten molecules. Further, when colored alcoholic solutions of phenol- 
phthalein and of phenoltetrachlorophthalein containing two molecules 
of alkali were diluted with alcohol the color disappeared and the absorp- 
tion in the ultra-violet reverted to the neutral type. This means that 
the excess of alcohol decomposes the salt, setting the phthalein free. 
The potassium ethylate resulting from the combination of the alcohol 
with the potassium of the colored sait has no absorption. Hence the 
solution gives the same absorption as the neutral solution of the phthalein. 

The absorptions of solutions containing different relative amounts of 
phthalein and alkali were measured for the purpose of obtaining informa- 
tion concerning the compounds formed in the different cases. The 
curves of ultra-violet absorption of solutions with one molecule of alkali 
(Figs. 3 and 4) show that a partial conversion of the phthalein has taken 
place. The solutions showed a very slight color, with one molecule of 
alkali. In the visible region the absorption merely increases without 
change of type after the first appearance of color. 

However, with a related compound, viz., phenolsulphonphthalein, it 
was possible to follow the gradual transition in type of spectrum in both 
visible and ultra-violet as the amount of alkali was increased. Fig. 10 
gives curves for the neutral solution and for solutions containing 1, 1%, 
and 2 molecules of alkali. The graphic formula is given, showing the 
quinoid structure assigned to this compound because it is colored. 
The neutral solution is yellow, the alkaline solution red. The change 
in color is progressive, due to the growth of a band in the yellow-green. 
The absorption of the alkaline aqueous solution (bands centering at 
1,785, 2,770, and 3,500) differs greatly in type from that of the neutral 
solution (bands at 2,320 and 3,770). 
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Fig. 11 shows a similar change for alcoholic solutions. A rough 
examination of the absorption of tetrabromophenolsulphonphthalein 
indicated similar changes also. The physical evidence for a change in 
structure is as good in the case of these substances as in that of the 
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other phenolphthaleins discussed. The bearing of the facts here pre- 
sented on chemical theory will be discussed in a later paper by Prof. 
W. R. Orndorff. It is hoped to continue the collection of data on absorp- 


tion and constitution. 
SUMMARY. 


From a study of Table I. and the curves the following summarized 


statement of facts can be made. 

Neutral alcoholic solutions of the phthaleins studied have absorption 
spectra of the same type (Fig. 2). 

The type of absorption changes when the solutions become alkaline 
(Figs. 3, 4). In some cases the change can be followed through a transi- 


tion stage. 
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The absorption of the aqueous solutions is of the same type as that 
of the alcoholic (Figs. 5, 6). The characteristic spectrum of the alkaline 
solutions consists of three absorption bands, one in the visible in the 
region 1,600-1,800, the other two in the ultra-violet in the regions 
2,500-2,700 and 3,200—3,600. 

The maximum value of the absorption constant in the visible and in 
the band near 2,600 varies greatly with the phthalein, and is considerably 
greater in aqueous than in alcoholic solutions. 

Band centers have a lower frequency for alcoholic solutions than for 
aqueous (Figs. 3, 4, 5, 6, 8). 

The band in the visible region is shifted toward lower frequencies by 
the substitution of bromine or iodine in the phenol part of the molecule 
and of chlorine in the phthalic acid part of the molecule. The shift 
increases with the mass of the substituent and is less in alcohol than in 
water. Chlorine adds a shoulder to this band on the side toward higher 
frequencies (Fig. 8). 

The band near 2,600 is shifted in the same direction as is the visible 
band by bromine and iodine, but is shifted toward higher frequencies 
by the chlorine, the shifts increasing with the mass of the substituent. 

-The band near 3,200 is also shifted toward lower frequencies by 
bromine and iodine and toward higher frequencies by chlorine. As in 
the case of the other bands, the shift by iodine is greater than by bromine. 

It is hoped that the accumulation of further data may make possible 
general conclusions as to the relation of absorption to constitution of 
the phthaleins. 


CORNELL UNIVERSITY, 
August, I9I7. 
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NOTE ON THE ABSORPTION OF TETRACHLOROPHENOL- 
PHTHALEIN.! 


By R. C. Gisss, H. E. HOWE, AND E. P. T. TYNDALL. 


a the work reported in the preceding article was completed, a 

new derivative of phenolphthalein, tetrachlorophenolphthalein, has 
been prepared under the direction of Dr. S. A. Mahood, of the department 
of chemistry. Its ultra-violet and visible absorption has been measured. 
The curves in Fig. 1 show the type of absorption of solutions of this 
compound. The frequencies of band centers and maximum coefficients 
of absorption are tabulated below. 








Solution. 1/d. 8. 1/d. B. 
,r..CCOt™”™”~<~S ; 
PROUREN SIOGRENS . oo. sos oesnces | 3,435 | 59 
| 3,535 64 
Alkaline alcoholic............. | 1,695 | 0025 3,270 | 1.17 
Alkaline aqueous.............. 1,720 .0203 3,300 1.05 


In the ultra-violet the absorption of tetrachlorophenolphthalein closely 
resembles that of tetrabromophenolphthalein. In the neutral alcoholic 
solution the band centers and their absorption coefficients lie between 
those for phenolphthalein and tetrabromophenolphthalein (see Curves 
A and B, Fig. 2, of preceding article). When alkali has been added the 
solution shows the band characteristic of this series of compounds. 
The center of this band lies at 3,270, a frequency higher than that for 
tetrabromophenolphthalein, the compound of next greater molecular 
weight. 

Since in tetrachlorophenolphthalein, the chlorine is substituted in the 
phenol part of the phenolphthalein molecule, it would be expected that 
this substance would be similar in its physical properties to the corre- 
sponding tetrabromo and tetraiodo derivatives. Its ultra-violet absorp- 
tion indicates such similarity. The center of the visible band would be 
expected to lie between the centers of the bands for phenolphthalein 
and tetrabromophenolphthalein. On the assumption that molecular 
weight is the determining factor the authors of the preceding article 


1 The investigation described in this report was carried on with aid from the Rumford Fund 


of the American Academy of Arts and Sciences. 
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predicted from their Fig. 9 that the band center would lie at 1,739 in 
alcohol and at 1,770 in water. From the table of determined values it 
will be seen that the band centers not only do not lie where predicted 
but are at even lower frequencies than for the heavier molecule of tetra- 
bromophenolphthalein. The differences between the absorption of solu- 
tions of tetrachlorophenolphthalein (Fig. 1) and of solutions of phenol- 
tetrachlorophthalein (Figs. 2 and 4 in the preceding article) indicate 


ae 
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Fig. 1. 


that the position of a substituent in the molecule is probably a factor in 
determining the nature of the absorption. 

The bands in the aqueous solution come at a higher frequency than 
those in the alcoholic solution as was found for other members of the 
series. 

Several compounds in this series gave absorption bands near 2,600 
(Figs. 3, 4, 5, and 6 of the preceding article). The examination of 
solutions of various concentrations brought out no evidence of such a 
band in tetrachlorophenolphthalein. 

It was desired to determine whether the absorption of an alkaline 
alcoholic solution of a phthalein prepared by adding potassium ethylate 
to a neutral solution would differ from that of a solution to which the 
alkali had been added in the form of a hydroxide. A solution of potas- 
sium ethylate was prepared by dissolving metallic potassium in absolute 
alcohol, and this solution was used in the same way as the solution of 
potassium hydroxide in alcohol to make up solutions containing any 
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desired number of molecules of alkali per molecule of phthalein. Solu- 
tions of the strength cited below were examined using both forms of 
alkali. No difference greater than that due to observational errors could 
be detected in any two solutions containing the same amount of alkali 


in different forms. 
Visible Absorption. 


Tetrachlorophenolphthalein.................. 0022 N, 10 KOC2H; and .002 N, 10 KOH. 
Tetraiodophenoltetrachlorophthalein........... 0005 N, 1 KOC:2H; and .0001 N,’ 1 KOH. 
ee 0001 N, 2 KOCH; and .0001 N,! 2 KOH. 


Ultra-violet Absorption. 


Tetrachlorophenolphthalein.... 0... ccs sccccced 0001 N, 1 KOC:H; and .0001 N, 1 KOH. 
Sie Se aa so, Re ee 0001 N, 4 KOCsH; and .0001 N, 4 KOH. 
Tetraiodophenoltetrachlorophthalein............. 0001 N, 1 KOCeHs; and .0001 N,! 1 KOH. 
ii ay an i i el 0001 N, 2 KOC2Hs and .0001 N,! 2 KOH. 


1 Solutions examined by Howe and Gibson. See preceding article. 


CORNELL UNIVERSITY, 
ITHaAcA, N. Y. 
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ON THE LIMIT OF INTERFERENCE IN THE FABRY-PEROT 
INTERFEROMETER. 


By MeEGH Nap SAHA. 


HEN a monochromatic source of radiation (for example that 
given by a vacuum tube, when excited by an electric discharge) 

is examined by a Fabry-Perot interferometer, we obtain bright and 
narrow rings of maximum intensity separated by wide dark intervals. 
If the distance between the plates of the étalon be gradually increased, 
the maxima gradually decrease in brightness, until we reach a limit 
where we can no longer distinguish between the maxima and the minima. 
The theory of this phenomenon has been worked out by Lippich, Lord 
Rayleigh,! and Schénrock,? and is shown to be due to the fact that the 
emission centers (in this case the gaseous atoms) being in motion, a sort 
of Déppler-Fizeau effect is produced in the line of vision of the observer. 
They have shown that when the pressure is small, the critical distance D 
(or the limit of interference) is connected by the following formula 
with the wave-length (A) of light, the temperature (7) of the tube, 
and the mass (M) of the emission centers: 
D M 


ie Tv (a) 

This theorem has been made the basis of a wide series of experiments 
by Michelson,’ and the French School of opticians including Fabry, 
Perot, and Buisson. Among the various problems to which the formula 
(a) has been applied may be mentioned the following: 

(i) The temperature of the discharge tube when emitting a mono- 
chromatic light. 

(ii) The temperature of stars and nebule. 

(iii) Mass of the emission centers of lines in the spectrum. Probably 
the mass of the emission centers of many lines of unknown origin in the 
solar corona and many nebulz (e. g., \ = 5007 A. U.) which are at- 

1 Lord Rayleigh, Phil. Mag., November, 1915. 

2 Sché6nrock, Ann. d. Physik., 1907, Bd. 22, 1907. 

3 Michelson, Astro-physical Journal, 1895, Vol. (ii), p. 251. 
4 Buisson et Fabry, Journal de Physique, tome 11, 1912, p. 442-464. 
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tributed to hypothetical elements! coronium and nebulium may be deter- 
mined by this method. 

The value of the constant A is of much use in all these investigations, 
and it is generally deduced from theoretical considerations. While 
going through the literature on the subject, I found that A is generally 
calculated from approximate and not altogether satisfactory considera- 
tions, though an exact solution is not difficult. My object in the present 
communication is to effect this improvement in the theory. For this, 
we must begin with a preliminary scrutiny of the theory of the Fabry- 
Perot interferometer. 

The Fabry-Perot interferometer consists of two plane parallel plates 
of glass, both heavily silvered on the inside. If a ray of light is sent 
through the plates, it undergoes several internal reflections, and at each 
reflection from either surface, a part issues out. Every incident ray is 
thus subdivided into a large number of parallel rays. If the angle on 
incidence is very small, almost normal, as is the case in practice, the 
number would be infinite. Let us confine our attention to the rays 
issuing on the side further from the source of light. The parallel rays 
issuing at some particular angle have path differences amounting to 
2d cos a, 4d cos a, 6d cos a, etc., according as they have suffered 
double reflection once, twice, thrice, or any number of times. When 
these rays are brought together by a converging lens we shall have the 
interference phenomena. The parallel system is composed of rays 
transmitted directly, 7. e., without reflection—this ray can be represented 
by Eo cos nt; rays suffering reflection twice, four times, etc. Since at 
each double reflection there is a retardation in phase amounting to 
27A/d and the intensity is reduced by a fraction f, we can represent the 
rays by the equations 

fEo cos (nt — 6), f?Eo cos (nt — 26), f*Eo cos (nt — 38), 
where we put 


27rA 


A = 2dcosa, and es 


The resultant ray is now represented by 
E = Eo{cos nt + f cos (nt — 5) + f? cos (nt — 26) + ---} 
= E,{cos nt{1 + f cos 6 + f? cos 26 + ---} 
+ sin nt{f sin 6 + f? sin 26 + ---}] 
__fens _ :| 
I — 2f cos 6 + f? 


1 — f cos 6 
I — 2f cos 6 + f? 


1 Nicholson, Phil. Mag., 1911, Vol. 22, p. 864. 





= Eo| cos nt + sin nt - 
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Therefore the intensity 


I=<I I _ Lo ee 
Ot eee SIF. te 
Q— fp 2 


This is the ordinary theory of the interferometer. The intensities of 


‘ — > . I 
the maxima and the minima are all in the ratio of 1: af 





t+ fF) 

If we take f = .75, this ratio becomes 49:1, the angular separation 
being a = X/A. If the theory held rigorously, we could observe inter- 
ference with large values of A. But this is not the case. For example 
in the case of the sodium D,-line, no interference can be obtained when 
A exceeds 3 cm. This is due to the fact that the radiant particles are 
themselves in motion, and the theory cannot be perfect unless we take 
account of this fact. 

According to Maxwell’s distribution law, the number of particles 
having their velocity between V and V+ dV is Ae®"'dV. The fre- 
quency of radiation emitted by these particles is m[1 + (v/c)] where nu 
is the wave frequency of light emitted by particles at rest. In the 
expression for retardation in phase, we must therefore replace \ by 
N/[1t + (v/c)] and write 27A/A[1 + (v/c)] in place of 27A/X. 

The intensity of light emitted by molecules having their velocity 
between V + dV and V is 


dl=B 


e Fav 
1 — 2f cos [1 + (v/c)] +f? 
The total intensity 


. 2 t eB l"dv 
-_ _eol — 2f cos {1 + (v/c)] +f? 
We have by trigonometry, 


het 
1 — 2fcos6 +f? 


Now, we have 


= 1+ 2fcosé6 + 2f*cos26+:--. 


Dm 
= . nov 
| e 38""dV-sin = QO, 
a c 


20 ai 
“ nov . . . 
| e®""d. Veos = R ” teal 
: C B 


We have therefore 


B, |x 2 
eas Pe JE [rt 2 Er cosns]. 
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Now let J; = the maximum value of J, corresponding to ”é = 0, 


I, = the minimum value of J, corresponding to 76 = rz. 


Then the visibility factor V is, according to Michelson 
l 2rA\2 32\ (27 A\?2 
DEY sn OE, 

-—" -@@), .-@ C2) 

4 + fre B re + fre a) Ac is wa 
Now (1/8)(27A/Ac)? is of the order 10%. We can, therefore, safely omit 
terms containing f’, f*, etc. 

V is therefore = 2fe~U/PCrar™, 
From the kinetic theory of gases, we have 8 = (m/2KT) = (wM/2KT), 


_h-t| 
[hth 


where m = weight of the radiant atom in grams, 
w = weight of the hydrogen atom, 
M = atomic weight of the radiant gas, 
K = universal gas constant, 


7 = temperature. 
Then we have, since 


at en ee 
BN rc) 8 NaF ON ae NOKT ONY)” (6) 
Lord Rayleigh took account of the first two interfering beams only, 
but by this he had evidently the Michelson interferometer in his mind. 
But I think that when we are applying the result to the Fabry-Perot 
interferometer, we should take into account all the infinite number of 
interfering beams, and the effect of reflection. This is exactly what has 
been done in the present communication. . 


we ‘ cc 1@ 2f 
The exact evaluation of the constant — = log. (3) , cannot be 
rW> 


done unless the reflecting power of the plates, and the value of V be 
known. f will depend upon the silvering of the plates, while V will 
vary with the observer. Thus Lord Rayleigh takes the visibility factor 
equivalent to .025, while Schénrock takes it equivalent to .05. Assuming 
that V = .025, and f = .75. 


We have 
M 
= 1.50 X 10° T° 


While according to Lord Rayleigh 


— mi 
y — 1-42 X 10 T° 


~|lb> 
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As it is, the discrepancy between the two values if calculated by two 
different methods is not much. But for particular apparatus, and for 
particular observers, the discrepancy may be considerable. It is to be 
hoped that investigators will take notice of these facts. 


CALCUTTA UNIVERSITY COLLEGE OF SCIENCE, 
july 7, 1917. 
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ERRATA. 


Vol. [X., July, 1917, page 21, article by S. J. Barnett, entitled ‘‘The 
Magnetization of Iron, Nickel, and Cobalt by Rotation and the Nature of 
the Magnetic Molecule’’; in last line of footnote, for “‘reached”’ read 
“marked.” 

Vol. [X., August, 1917, page 213, article by I. G. Priest, entitled ‘‘A 
Proposed Method for the Photometry of Lights of Different Colors”’; in 
line 30, column 2, “5185”’ should read “0185.” 

Vol. IX., October, 1917, page 355, article by H. L. Howes and D. T. 
Wilbur, entitled ‘‘The Fluorescence of Four Double Nitrates’’; in the 
caption of Fig. 2, for ‘“‘potassium”’ read ‘‘ammonium,”’ for ‘‘ammonium’”’ 
read “potassium.” 
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THE BROOKS’ 





INDUCTOMETER 











In the Brooks’ Inductometer is offered a compact form 
of variable inductance, with a self inductance range of 5 
to 50 millihenrys, possessing the following advantages: 


1. A fair degree of astaticism, which tends to eliminate 
errors due to stray field effects. 


2. It is less expensive and at the same time fully as ac- 


curate as the Ayrton-Perry instrument. 
3. It occupies less space than the Ayrton-Perry form. 


The instrument has a very nearly uniform scale, obtained 





by properly proportioning the coils. 
It may be used as a mutual inductance. 


It has a good ratio of maximum to minimum induc- 





tance (about g to 1) and also has as high a time constant 


as is consistent with good design and moderate size. 


The instrument is fully described in Bulletin No. 152, a 


copy of which will be sent upon request. 
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THE PHYSICAL REVIEW 
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1. All correspondence relating to contributions should be addressed to THE PHYSICAL 
REviEw, Ithaca, N. Y. Manuscripts will be acknowledged as soon as received. Articles 
submitted for publication in the REVIEW are not to be submitted for publication elsewhere 
unless the authorization of the editors has been obtained, and, in case of duplicate publi- 
cation in English, proper reference to the REVIEW is made. Manuscript should be ready for 
the printer; the editors cannot assume responsibility for its correctness. The presentation 
should be as concise as is consistent with clearness; all unnecessary duplication of data in 
tables and in curves is to be avoided, and tabular matter should be introduced in extenso 
only when the exact numerical values affect the value of the paper. It is requested that 
the metric system be used in all cases. Whenever the value of a quantity is expressed in 
any other system, its value in the metric system should be added in parentheses. 


To insure prompt attention during the summer, manuscripts should be submitted by 
June 15. 


2. Illustrations should be in black and white and should be ready for direct reproduction ; 
such illustrations will be made without expense to the author. The ink used in preparing 
{llustrations should be jet black. Curves can be satisfactorily reproduced when plotted on 
plain paper or on blue-lined cross-section paper; co-ordinates may be ruled in black at desired 
intervals, for example every centimeter or every inch. Blue lines are not reproduced photo- 
graphically; colors other than jet-black and blue should be avoided. The material in an illus- 
tration should be compactly arranged; when it is much spread out, a greater reduction is 
necessary in reproduction. Lettering on illustrations should be plain and of sufficient size 
to be legible after reduction. 


It is generally desirable to refer to ail illustrations as “figures,” designated by one con- 
secutive series of numbers. The location of each figure should be marked in the manuscripts 
together with any caption which is to be printed beneath it. 


3. A proof of each contributed article will be sent to the author for his approval. It is 
requested that all proof be returned promptly. Authors should note that cross reference 
can not well be made by page number, for a change in paging is often necessaryin the final 
make-up. 


Although proof of abstracts can usually be submitted to authors, this is not always possible 
without delay in publication; in the case of abstracts, therefore, it is particularly important 
that the manuscript be free from error. In revising proof of abstracts, authors should correct 
any errors of the printer, but should make no changes that will affect the arrangement of 
paging. 

4. Offprints, ordered on the proper form with return of proof, will be furnished by. the 
printer according to the prices given below. Any special instructions in regard to offprints,— 
special title page, etc..—should be indicated on the order to the printer (or attached thereto) 
and not as a letter to the editors. (Further inquiries in regard to offprints may be addressed 
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COMPTON 
QUADRANT 
ELECTROMETER 





Described in Circular No. 6 


Pyrolectric Instrument Co. 
Pyrometric and Electrical Precision Instruments 
148 East State St. TRENTON, N. J. 
E. F. Northrup, President and Technical Adviser 













Michelson and Fabry & Perot 


Interferometers 


~ dee Dini —l 


qt tt sl | 





Our latest models of Michelson and Fabry & Perot Interfer- 
ometers (see figure) are in every case so arranged that either the 
Fabry & Perot or the Michelson system of mirrors can be supplied 
at any subsequent time and attached without any alteration of the 
apparatus. 


Three sizes are made, having respectively 75 mm., 120 mm., and 
200 mm. travel of the movable mirror, and a set of mirrors suitable 
for any one size is also suitable for any other. 


Full particulars post free on application to 


ADAM HILGER, Ltd. 
75 A. Camden Road LONDON, N.W. 
Telegraphic address ‘“Sphericity, London.”” Cable Code---Western Union. 















THE CUTLER-HAMMER MEG. Co. 
ELECTRIC CONTROLLING DEVICES 
MILWAUKEE, WIS. 





W. G. PYE & CO. 


Scientific Instrument Makers 


Granta Works, 
Cambridge, England 














Sole makers by appoint- 
ment of Professor W. H. 
BRAGG’S X-Ray Spec- 
trometer for studying the 














Structure of Crystals 





Descriptive Pamphlet mailed free 
upon application. 












Physical Apparatus of 
Substantial Design and 
Good Workmanship a 


Specialty. 
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GRAPHITE-SELENIUM CELLS 


Fournier d’Albe’s Pattern 


Great Stability and High Efficiency 


With a sensitive selenium surface of 5 sq. cm., 
and a voltage of 20, the additional current 
obtainable at various illuminations (in metre- 
candles) is: 

Atlm.c. . . . %4milliamp 

At 50m.c.. . 1 ” 

At500m.c. . . 2 - 


1) oRREIN, LONDON. 
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For particulars and prices apply to the SOLE AGENTS 


JOHN J. GRIFFIN & SONS 


Makers of Physical, Electrical & Scientific Instruments 


KEMBLE ST. KINGSWAY LONDON, W. C. 














Gambrells’ Patent In use by H. M. Government, 
“cy ” Leading ‘Telegraph Companies, 

ndependent Cable Manufacturers, Electricity 
P lug Contact Works, etc., etc. 


For Resistance Boxes, 


Wheatstone Bridges, ; 
Switches, etc., etc. The only Resistance Box contact 


with plugs entirely independent of 
each other. One standard size, all 
plug caps interchangeable, inde- 
pendent of type of instrument. 
Large surface contact. No plug 
heads to give trouble. High insu- 
lation, each unit self assembling. 
Can be more quickly used. 











GAMBRELL BROS., Ltd. 


Makers of Galvanometers, Resistance Boxes, Potentiometers, etc. 
Head Office and Works, MERTON ROAD, SOUTHFIELDS, LONDON, ENGLAND 
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You naturally prefer the best 
not the cheapest 


When a person insists on quality in an article 
it does not necessarily mean the highest price. 
But it does mean that each time you buy you 
get the same article. The Co-operative Cross 
Section Paper is always the same in quality. 








Cornell Co-operative Society 
Morrill Hall Ithaca, New York 














Cenco-Nelson High Vacuum Pumps 


SIMPLE. Nothing to get out of order or require attention. 


COMPACT. Measures only 7 inches high by § inches in 
diameter at base and weighs only 10 Ibs. 


EASY TO Requires only a 1-10 H. P. motor with grooved 
OPERATE. pulley and round belt. 


EFFICIENT. No. 1322 will produce a vacuum of 0.1 mm. in 
a 1 litre vessel in 4 minutes. No. 1322A will 
produce a vacuum of 0.05 mm. 


ECONOMICAL. Initial cost low. Will run continuously with 
no outlay for upkeep or operation except the 
nominal cost of power for the motor. 








CONVENIENT. Can be attached to any vessel by a heavy- 
walled rubber tube. 





No. 1322 
1322. Cenco-Nelson High Vacuum Pump, Two-Stage .... .Net $25.00 
1322A. Cenco-Ne son — Vacuum Pump, Three- wane with water + jacket 

for cooling ...... en Net $35.00 


‘Send for Bulletin 45P. 





CENTRAL SCIENTIFIC COMPANY 


E AST OHIO STREET CHICAGO, U. S. A. 
Lake Shore Drive, Ohio and Ontario Sts. ) 
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POSITIONS 





7. Western Electric Company, Incorporated, has opportunities for physicists, chem- 

ists, engineers, designers, and draftsmen, for work of research, development, and 
design related to problems of telephonic, telegraphic and radio communication which 
are matters of public importance. Both temporary and permanent positions are open. 
Apply by letter, not in person unless so specifically requested, to F. B. Jewett, Chief 
Engineer, 463 West Street, New York, N. Y. 














THE WAY TO BETTER LIGHT 
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MORSE TWIST DRILL New Bedford, 
& MACHINE COMPANY Mass. 
Makers of Twist Drills, Reamers, Cutters, Etc. 
TOOLS THAT PROVE THEIR WORTH. 
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High Grade Measuring | 
Instruments to cover 
all requirements 


Laboratoryand demon- 
stration apparatus for 
advanced and ele- 

mentary work 


Full line Calorimeters 





Universal Laboratory et 
Supports Reading Device 





General Laboratory for Thermometers 
Laboratory Spectrometers Supplies $1.80 


WM. GAERTNER & CO., 5345-49 Lake Park Ave., Chicago 














Ce ee” a 


4 JAGABI” LABORATORY RHEOSTATS 





Prof. H. L. Dodge, of Iowa State University. 


A ‘*Dodge Design’’ Rheostat may be used on the voltage for which it is rated, 
with a load of any resistance—and is always capable of providing any current value in 
the load, between zero and highest rating of the rheostat. Consequently the maximum 
range of regulation is available ; and the selection of a suitable rheostat is greatly sim- 
plified—for the line voltage together with maximum current rating, are the only charac- 
teristics that can be considered. 


The above, and other types of ‘‘ Jagabi’’ Laboratory Rheostats, are illustrated and 
described in Bulletin 868. Write for copy today. 





2 ees A ee een 
| Ve illustrate a new style of Sliding-Contact Rheostat, as invented and patented by 


a G. BIDDLE PHILADELPHIA 
1211-13 Arch St. 
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Electricity has leveled out the 





Notable G-E 
Steam Roa 

Electrifications 

1896——Baltimore & Ohio 


unne 
1906- ~New York Central 
Terminal 
1906 West 
Seashore 
1906——Great Northern 
1910--Detroit River 
Tunnel 
1911-—Southern Pacific 
Anaconda 


Jersey & 


& Pacific 
1916—Chicago, Milwau- 
kee & St. Paul 
1917—Victorian Rail- 
ways, Australia 














Continental Divide 


IGH among the bald peaks of the Montana 
Rockies, 6,000 feet above the sea, the high- 
speed, smokeless passenger trains and record- 

tonnage freight trains of the Chicago, Milwaukee & 
St. Paul wind their way up and over the Conti- 
nental Divide, under electric power. These trains 


cross four hundred miles of the same mountain 
ranges that years before meant weeks of perilous 
travel to horseman or prairie schooner; over the 
same tracks where a few months before giant steam 
locomotives had faltcred on the up-grades and 
heated their brakes to redness while i descending. 


Half a hundred G-E electric locomotives are daily climb- 
ing the Continental Divide, making faster time than their 
steam predecessors, hauling heavier loads, and by means 
of regenerative electric braking on the down-grades are re- 
turning power to the wires, effecting vast economies. Con- 
servation of approximatcly half a million tons of coal a 
year is one of the epoch-making results. 


Immune to the biting cold that freezes motion from steam 
locomotives, freed from carrying tons of fuel and water, the 
trans-continental electric locomotive is now a 3,000 horse 
power reality—another General Electric Company achieve- 


ment, 
7518 











